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ABSTRACT

The Virasoro master equation (VME) describes the general affine-Virasoro construction T =

LabJaJb + iDa∂Ja in the operator algebra of the WZW model, where Lab is the inverse inertia

tensor and Da is the improvement vector. In this paper, we generalize this construction to

find the general (one-loop) Virasoro construction in the operator algebra of the general non-

linear sigma model. The result is a unified Einstein-Virasoro master equation which couples

the spacetime spin-two field Lab to the background fields of the sigma model. For a particular

solution Lab
G , the unified system reduces to the canonical stress tensors and conventional Einstein

equations of the sigma model, and the system reduces to the general affine-Virasoro construction

and the VME when the sigma model is taken to be the WZW action. More generally, the

unified system describes a space of conformal field theories which is presumably much larger

than the sum of the general affine-Virasoro construction and the sigma model with its canonical

stress tensors. We also discuss a number of algebraic and geometrical properties of the system,

including its relation to an unsolved problem in the theory of G-structures on manifolds with

torsion.
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1 Introduction

There have been two successful approaches to the construction of conformal field theories,

• The general affine-Virasoro construction [1–7]

• The general non-linear sigma model [8–13] (1.1)

but, although both approaches have been formulated as Einstein-like systems [12, 2], the

relation between the two has remained unclear.

In the general affine-Virasoro construction, a large class of exact Virasoro operators

[1, 3]

T = Lab ∗
∗JaJb

∗
∗ + iDa∂Ja (1.2a)

a, b = 1 . . .dim(g) (1.2b)

are constructed as quadratic forms in the currents J of the general affine Lie algebra

[14, 15]. The coefficients Lab = Lba and Da are called the inverse inertia tensor and

the improvement vector respectively. The general construction is summarized [1, 3] by

the (improved) Virasoro master equation (VME) for L and D, and this approach is the

basis of irrational conformal field theory [7] which includes the affine-Sugawara [15–18]

and coset constructions [15, 16, 19] as a small subspace. The construction (1.2) can also

be considered as the general Virasoro construction in the operator algebra of the WZW

model [20, 21], which is the field-theoretic realization of the affine algebras. See Ref [7]

for a more detailed history of affine Lie algebra and the affine-Virasoro constructions.

In the general non-linear sigma model, a large class of Virasoro operators [22]

T = − 1

2α′Gij∂xi∂xj + O(α′0) = − 1

2α′G
abΠaΠb + O(α′0) (1.3a)

Gab = ei
aGijej

b, Πa = Gabei
b∂xi (1.3b)

i, j, a, b = 1, . . . , dim(M) (1.3c)

is constructed in a semiclassical expansion on an arbitrary manifold M , where Gij is

the metric on M and Gab is the inverse of the tangent space metric. These are the

canonical or conventional stress tensors of the sigma model and this construction is

summarized [12, 22] by the Einstein equations of the sigma model, which couple the

metric G, the antisymmetric tensor field B and the dilaton Φ. In what follows we refer to

these equations as the conventional Einstein equations of the sigma model, to distinguish

them from the generalized Einstein equations obtained below.

In this paper, we unify these two approaches, using the fact that the WZW action is

a special case of the general sigma model. More precisely, we study the general Virasoro

construction

T = − 1

α′Lij∂xi∂xj + O(α′0) = − 1

α′L
abΠaΠb + O(α′0) (1.4a)
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i, j, a, b = 1, . . . , dim(M) (1.4b)

at one loop in the operator algebra of the general sigma model, where L is a symmetric

second-rank spacetime tensor field, the inverse inertia tensor, which is to be determined.

The unified construction is described by a system of equations which we call

• the Einstein-Virasoro master equation

of the general sigma model. This system, which is summarized in Section 4, describes

the covariant coupling of the spacetime fields L, G, B and Φa, where the vector field Φa

generalizes the derivative ∇aΦ of the dilaton Φ.

The unified system contains as special cases the two constructions in (1.1): For the

particular solution

Lab = Lab
G =

Gab

2
+ O(α′), Φa = ΦG

a = ∇aΦ (1.5)

the general stress tensors (1.4) reduce to the conventional stress tensors (1.3) and the

Einstein-Virasoro master equation reduces to the conventional Einstein equations of the

sigma model. Moreover, the unified system reduces to the general affine-Virasoro con-

struction and the VME when the sigma model is taken to be the WZW action. In this

case we find that the contribution of Φa to the unified system is precisely the known

improvement term of the VME.

More generally, the unified system describes a space of conformal field theories which

is presumably much larger than the sum of the general affine-Virasoro construction and

the sigma model with its canonical stress tensors.

The system exhibits a number of interesting algebraic and geometric properties, in-

cluding K-conjugation covariance [15, 16, 19, 1] and an important connection with the

theory of G-structures [23] on manifolds with torsion. By comparison with the known

exact form of the VME, we are also able to point to a number of candidates for exact

relations in the general sigma model.

2 Background

To settle notation and fix concepts which will be important below, we begin with a brief

review of the two known constructions,

• The general affine-Virasoro construction

• The general non-linear sigma model.
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2.1 The general Affine-Virasoro Construction

The improved VME

The general affine-Virasoro construction begins with the currents of a general affine

Lie algebra [14, 15]

Ja(z)Jb(w) =
Gab

(z − w)2
+

ifab
cJc(w)

z − w
+ reg. (2.1)

where a, b = 1 . . .dim g and fab
c are the structure constants of g. For simple g, the central

term in (2.1) has the form Gab = kηab where ηab is the Killing metric of g and k is the

level of the affine algebra. Then the general affine-Virasoro construction is [1]

T = Lab ∗
∗JaJb

∗
∗ + iDa∂Ja (2.2)

where the coefficients Lab = Lba and Da are the inverse inertia tensor and the improve-

ment vector respectively. The stress tensor T is a Virasoro operator

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+

∂wT (w)

z − w
+ reg. (2.3)

iff the improved VME [1]

Lab = 2LacGcdL
db − LcdLeffce

afdf
b − Lcdfce

ffdf
(aLb)e − fcd

(aLb)cDd (2.4a)

Da(2GabL
be + fab

dLbcfcd
e) = De (2.4b)

c = 2Gab(L
ab + 6DaDb) (2.4c)

is satisfied∗ by L and D, and the central charge of the construction is given in (2.4c).

The unimproved VME [1, 3] is obtained by setting the improvement vector D to zero.

The improved VME has been identified [2] as an Einstein-Maxwell system with torsion

on the group manifold, with left-invariant inverse metric

Gij = ea
iLabeb

j (2.5a)

DiL
ab = 0 (2.5b)

where ea
i is the inverse left-invariant vielbein and Lab is the inverse of the tangent space

metric.

Another property that will be useful below is that the improved VME is covariant

under automorphisms of g

(L′)ab = Lcdρc
aρd

b, (D′)a = Dbρb
a (2.6a)

∗Our convention is A(aBb) = AaBb + AbBa, A[aBb] = AaBb − AbBa.
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c(L′, D′) = c(L, D), ρ ∈ Aut(g) (2.6b)

ρa
cρb

dGcd = Gab, ρa
cρb

dfcd
e = fab

cΩc
e (2.6c)

with invariant central charge.

K-conjugation invariance

A central property of the VME at zero improvement† is K-conjugation covariance

[15, 16, 19, 1] which says that all solutions come in K-conjugate pairs L and L̃,

Lab + L̃ab = Lab
g . (2.7a)

T + T̃ = Tg (2.7b)

c + c̃ = cg (2.7c)

T (z)T̃ (w) = reg. (2.7d)

whose K-conjugate stress tensors T, T̃ commute and add to the affine-Sugawara con-

struction [15–18] on g

Tg = Lab
g

∗
∗JaJb

∗
∗. (2.8)

For simple g, the inverse inertia tensor and the central charge of the affine-Sugawara

construction are

Lab
g =

ηab

2k + Qg
=

ηab

2k
+ O(k−2) =

Gab

2
+ O(k−2) (2.9a)

cg =
dim(g)

1 + Qg

2k

= dim(g)
(

1 − Qg

2k

)

+ O(k−2) (2.9b)

Qgηab = −fac
dfbd

c (2.9c)

where ηab is the inverse Killing metric of g and Qg is the quadratic Casimir of the

adjoint. K-conjugation covariance can be used to generate new solutions L̃ = Lg − L

from old solutions L and the simplest application of the covariance generates the coset

constructions [15, 16, 19] as L̃ = Lg − Lh = Lg/h.

Semiclassical expansion

At zero improvement, the high-level or semiclassical expansion [24, 7] of the VME

has been studied in some detail. On simple g, the leading term in the expansion has the

form

Lab =
P ab

2k
+ O(k−2), c = rank(P ) + O(k−1) (2.10a)

P acηcdP
db = P ab (2.10b)

†K-conjugation in the presence of the improvement term is discussed in Section 5.9
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where P is the high-level projector of the L theory. These are the solutions of the classical

limit of the VME,

Lab = 2LacGcdL
db + O(k−2) (2.11)

but a semiclassical quantization condition [24] provides a restriction on the allowed pro-

jectors. In the partial classification of the space of solutions by graph theory [5, 25, 7],

the projectors P are closely related to the adjacency matrices of the graphs.

Irrational conformal field theory

Given also a set of antiholomorphic currents J̄a, a = 1 . . .dim(g), there is a corre-

sponding antiholomorphic Virasoro construction

T̄ = Lab ∗
∗J̄aJ̄b

∗
∗ + iDa∂J̄a (2.12)

with c̄ = c. Each pair of stress tensors T and T̄ then defines a conformal field theory

(CFT) labelled by L and D. Starting from the modules of affine g× g, the Hilbert space

of a particular CFT is obtained [26, 27, 7] by modding out by the local symmetry of the

Hamiltonian.

It is known that the CFTs of the master equation have generically irrational central

charge, even when attention is restricted to the space of unitary theories, and the study

of all the CFTs of the master equation is called irrational conformal field theory (ICFT),

which contains the affine-Sugawara and coset constructions as a small subspace.

In ICFT at zero improvement, world-sheet actions are known for the following cases:

the affine-Sugawara constructions (WZW models [20, 21]), the coset constructions (spin-

one gauged WZW models [28]) and the generic ICFT (spin-two gauged WZW models

[26, 29, 30]). The spin-two gauge symmetry of the generic ICFT is a consequence of

K-conjugation covariance.

See Ref [7] for a comprehensive review of ICFT, and Ref [31] for a recent construction

of a set of semiclassical blocks and correlators in ICFT.

WZW model

The stress tensors (2.2) and (2.12) of the general affine-Virasoro construction are

general quadratic forms in the currents of affine g × g. As such, these stress tensors may

also be considered as the general Virasoro construction in the operator algebra of the

WZW model on the group manifold G, where g is the algebra of G.

For simple G, the Minkowski space WZW action is [20, 21]

SWZW = − k

8πχ

∫

dtdσTr(g−1∂+gg−1∂−g) − k

12πχ

∫

Tr(g−1dg)3 (2.13a)

g(T ) ∈ G, Tr(TaTb) = χηab (2.13b)

∂± = ∂t ± ∂σ (2.13c)
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where g(T ) is the group element in irrep T of g, ηab is the Killing metric of g and k is the

level of the affine algebra. The group element g is dimensionless, and we may introduce

dimensionless coordinates yi, i = 1 . . .dim(g), such that

− ig−1 ∂

∂yi
g = ei

aTa, −ig
∂

∂yi
g−1 = ēi

aTa (2.14a)

gTag
−1 = Ωa

bTb, ēi
a = −ei

bΩb
a (2.14b)

Ωa
cΩd

bGcd = Gab, Ωa
cΩb

dfcd
e = fab

cΩc
e (2.14c)

∂

∂yi
Ωa

b + ei
dfda

cΩc
b = 0 (2.14d)

where e and ē are respectively the left and right invariant vielbein on G and Ω is the

adjoint action of g.

Continuing in this direction, one rewrites the WZW action as a special case of the

general non-linear sigma model, a subject to which we will return in the following section.

2.2 The general non-linear sigma model

The general non-linear sigma model has been extensively studied in [32, 33, 8, 34, 9, 10,

35, 36, 11, 12, 37, 38, 22, 13].

The Euclidean action of the general non-linear sigma model is

S =
1

2α′

∫

d2z(Gij + Bij)∂xi∂̄xj (2.15a)

d2z =
dxdy

π
, z = x + iy (2.15b)

Hijk = ∂iBjk + ∂jBki + ∂kBij. (2.15c)

Here xi, i = 1 . . .dim(M) are coordinates with the dimension of length on a general

manifold M and α′, with dimension length squared, is the string tension or Regge slope.

The fields Gij and Bij are the (covariantly constant) metric and antisymmetric tensor

field on M .

We also introduce a covariantly constant vielbein ei
a, a = 1 . . .dim(M) on M and use

it to translate between Einstein and tangent-space indices, e.g.

Gij = ei
aGabej

b (2.16)

where Gab is the covariantly constant metric on tangent space. Covariant derivatives are

defined as

∇iva = ∂iva − ωia
bvb, ∇iv

a = ∂iv
a + vbωib

a (2.17a)

∇iGab = ∂iGab = ∇iej
a = 0 (2.17b)

[∇i,∇j ]v
a = Rijb

avb (2.17c)
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Rija
b = (∂iωj − ∂jωi − [ωi, ωj])a

b (2.17d)

∇avb = ea
i∇ivb = ∂avb − ωab

cvc (2.17e)

where ω is the spin connection, Rija
b is the Riemann tensor and Rab = Racb

c is the Ricci

tensor. It will also be convenient to define the generalized connections and covariant

derivatives with torsion,

∇̂±
i va = ∂iva − ω̂±

ia
bvb (2.18a)

ω̂±
ia

b = ωia
b ± 1

2
Hia

b (2.18b)

∇̂±
i Gab = ∇̂±

j ei
a = 0 (2.18c)

R̂±
ija

b = (∂iω̂
±
j − ∂jω̂

±
i − [ω̂±

i , ω̂±
j ])a

b (2.18d)

[∇̂±
a , ∇̂±

b ]vc = ∓Hab
d∇̂±

d vc + R̂±
abd

cvd (2.18e)

R±
cdab = Rcdab ±

1

2
(∇cHdab −∇dHcab) +

1

4
(Hca

fHfdb − Hda
fHfcb) (2.18f)

R̂± = R̂±
a

a = R +
1

4
H2, (H2)ij = Hi

klHjkl (2.18g)

where ω̂±
iab is antisymmetric under (a, b) interchange and R̂±

ijab is pairwise antisymmetric

in (i, j) and (a, b).

Following Banks, Nemeschansky and Sen [22], the canonical or conventional stress

tensors of the general sigma model have the form

TG = −Gij

2α′ ∂xi∂xj + ∂2Φ + T1 + O(α′) (2.19a)

= −Gab

2α′ ΠaΠb + ∂2Φ + T1 + O(α′) (2.19b)

T̄G = −Gij

2α′ ∂̄xi∂̄xj + ∂̄2Φ + T̄1 + O(α′) (2.19c)

= −Gab

2α′ Π̄aΠ̄b + ∂̄2Φ + T̄1 + O(α′) (2.19d)

Πa = Gabei
b∂xi, Π̄a = Gabei

b∂̄xi (2.19e)

where Φ is the dilaton and T1, T̄1 are finite one-loop counterterms which depend on the

renormalization scheme. The condition that TG and T̄G are one-loop conformal is [12]

Rij +
1

4
(H2)ij − 2∇i∇jΦ = O(α′) (2.20a)

∇kHkij − 2∇kΦHkij = O(α′) (2.20b)

cG = c̄G = dim(M) + 3α′(4|∇Φ|2 − 4∇2Φ + R +
1

12
H2) + O(α′2) (2.20c)

where (2.20a) and (2.20b) are the conventional Einstein equations of the sigma model

and (2.20c) is the central charge of the construction. The result for the central charge
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includes two-loop information, but covariant constancy of the field-dependent part of

the central charge follows by Bianchi identities from the Einstein equations, so all three

relations in (2.20) can be obtained with a little thought from the one-loop calculation. It

will also be useful to note that the conventional Einstein equations (2.20a),(2.20b) can

be written in either of two equivalent forms

R̂±
ij − 2∇̂±

i ∇̂±
j Φ = O(α′) (2.21)

by using the generalized quantities (2.18) with torsion.

WZW data

The WZW action (2.13a) is a special case of the general sigma model (2.15a) on a

group manifold G. Identifying the vielbein e on M with the left-invariant vielbein e on

G in (2.14a), we find for WZW that

xi =
√

α′yi, Gab = kηab, Hab
c =

1√
α′fab

c (2.22)

where yi, i = 1 . . .dim(g) are the dimensionless coordinates introduced for WZW in

(2.14), fab
c and ηab are the structure constants and the Killing metric of g and k is the

level of the affine algebra. From this data, one computes

ωab
c = − 1

2
√

α′fab
c (2.23a)

Rabc
d = − 1

4α′ fab
efec

d, Rab = −Qg

4α′ηab, R = − Qg

4α′k
dim(g) (2.23b)

(H2)ab =
Qg

α′ ηab, H2 =
kQg dim(g)

α′ (2.23c)

where Qg is the quadratic Casimir of the adjoint. Finally, one finds

ω̂+
ab

c = 0, ω̂−
ab

c = − 1√
α′fab

c (2.24a)

R̂±
ija

b = 0 (2.24b)

for the generalized quantities (2.18) with torsion. Manifolds with vanishing generalized

Riemann tensors are called parallelizable [35, 37].

The relations between the classical WZW currents J ,J̄ and the quantities Π,Π̄ in

(2.19e) are

Ja = ikηabei
b∂yi =

i√
α′Πa (2.25a)

J̄a = ikηabēi
b∂̄yi =

−i√
α′ (Ω

−1)a
bΠ̄b (2.25b)

9



where e and ē are the left and right invariant vielbeins in (2.14a) and Ω is the adjoint

action of g. It follows that the classical limits of the affine-Sugawara stress tensors

TG → Tg = −Lab
g

α′ ΠaΠb + O(α′0) = Lab
g JaJb + O(α′0) (2.26a)

T̄G → T̄g = −
Lab

g

α′ Π̄aΠ̄b + O(α′0) = Lab
g J̄aJ̄b + O(α′0) (2.26b)

Lab
g ≈ Gab

2
=

ηab

2k
(2.26c)

are correctly obtained as a special case of the conventional stress tensors (2.19). The

result in (2.26b) follows because the adjoint action is an inner automorphism of g.

We can also check at the WZW level that the affine-Sugawara stress tensors (2.26) are

one-loop conformal. Using (2.20), (2.21) and (2.24b), we find that the Einstein equations

are satisfied for the affine-Sugawara constructions with ∇Φ = 0 and central charge

cG = dim(g) − α′

2
H2 + O(α′2) (2.27a)

= dim(g)(1 − Qg

2k
) + O(k−2) (2.27b)

which is in agreement with the exact form of the affine-Sugawara central charge cg in

(2.9b).

2.3 Strategy

It is unlikely that the semiclassical form of the Einstein-Maxwell formulation [2] of the

VME can be identified directly with the conventional Einstein equations (2.20) of the

sigma model on a group manifold. One reason is that the semiclassical inverse metrics

of the Einstein-Maxwell formulation

Gij =
1

2k
ea

iP abeb
j + O(k−2) (2.28)

are singular because P is a projector (see eqs (2.5) and (2.10)). On the other hand,

we know for example that the coset constructions are contained in both the VME and

the canonical stress tensors of the sigma model, so the possibility remains open that the

Einstein-Maxwell form of the VME is in some sense dual to the Einstein equations of the

sigma model (see also the related remarks in Section 7).

Our strategy here is a straightforward generalization of the VME to the sigma model,

following the relation of the general affine-Virasoro construction to the WZW model. In

the operator algebra of the general sigma model, we use the technique of Banks et al.

[22] to study the general Virasoro construction

T = −Lij

α′ ∂xi∂xj + O(α′0) = −Lab

α′ ΠaΠb + O(α′0) (2.29a)
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T̄ = −L̄ij

α′ ∂̄xi∂̄xj + O(α′0) = −L̄ab

α′ Π̄aΠ̄b + O(α′0) (2.29b)

∂̄T = ∂T̄ = 0 (2.29c)

< T (z)T (w) >=
c/2

(z − w)4
+

2 < T (w) >

(z − w)2
+

< ∂T (w) >

(z − w)
+ reg. (2.29d)

< T̄ (z̄)T̄ (w̄) >=
c̄/2

(z̄ − w̄)4
+

2 < T̄ (w̄) >

(z̄ − w̄)2
+

< ∂̄T̄ (w̄) >

(z̄ − w̄)
+ reg. (2.29e)

where the dilatonic contribution is included at O(α′0) and L is a symmetric second-rank

spacetime tensor field (the inverse inertia tensor) to be determined.

According to eq. (2.19), the stress tensors in (2.29) reduce, at leading order in α′,

to the conventional stress tensors TG, T̄G of the general sigma model when the inverse

inertia tensors are taken as

L = L̄ = LG (2.30a)

Lab
G =

Gab

2
+ O(α′) (2.30b)

where Gab is the inverse tangent space metric of the sigma model action (2.15a). In this

sense, the conventional stress tensors of the sigma model generalize the affine-Sugawara

stress tensors (2.8) of the WZW model (see eq. (2.9a)), and the general sigma model

stress tensors (2.29a), (2.29b) generalize the stress tensors (2.2) of the general affine-

Virasoro construction.

3 Classical preview of the construction

The classical limit of the general construction (2.29a), (2.29b) can be studied with the

classical equations of motion of the general sigma model, which can be written in two

equivalent forms

∂̄Πa + Π̄bΠcω̂
+bc

a = ∂Π̄a + ΠbΠ̄cω̂
−bc

a = 0 (3.1)

where Π, Π̄ are defined in (2.19e) and ω̂± are the generalized connections (2.18b) with

torsion.

One then finds that the classical stress tensors are holomorphic and antiholomorphic

respectively

T = −Lab

α′ ΠaΠb, T̄ = −L̄ab

α′ Π̄aΠ̄b (3.2a)

∂̄T = ∂T̄ = 0 (3.2b)

iff the inverse inertia tensors are covariantly constant

∇̂+
i Lab = ∇̂−

i L̄ab = 0 (3.3)

where ∇̂± are the generalized covariant derivatives (2.18a) with torsion. Further discus-

sion of these covariant-constancy conditions is found in Sections 5.2 and especially 5.5,

which places the relations in the context of the theory of G-structures.
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To study the classical Virasoro conditions, we introduce Poisson brackets in Minkowski

space. The Minkowski space action of the sigma model

S =
1

8πα′

∫

dtdσ(Gij + Bij)∂+xi∂−xj (3.4a)

∂± = ∂t ± ∂σ (3.4b)

is obtained from the Euclidean action (2.15a) by z = eτ+iσ and t = iτ . Then general

Poisson brackets may be computed from the fundamental brackets

[xi(σ), pj(σ
′)] = iδi

jδ(σ − σ′) (3.5a)

pi =
1

4πα′ (Gij∂tx
j − Bij∂σxj) (3.5b)

where pi, i = 1 . . .dim(M) are the canonical momenta.

We consider first the sigma-model currents

J±
a = Gabei

b∂±xi (3.6a)

= ea
i(4πα′pi + (Bij ± Gij)∂σxj) (3.6b)

which are the Minkowski space analogues of the Euclidean Π, Π̄ in (2.19e). After some

algebra, we find that these currents satisfy the general current algebra

[J+
a (σ), J+

b (σ′)] = 8πiα′Gab∂σδ(σ − σ′) + 4πiα′δ(σ − σ′)[J−
c ω̂+c

ab − J+
c τ̂+c

ab] (3.7a)

[J−
a (σ), J−

b (σ′)] = −8πiα′Gab∂σδ(σ − σ′) + 4πiα′δ(σ − σ′)[J+
c ω̂−c

ab − J−
c τ̂−c

ab] (3.7b)

[J+
a (σ), J−

b (σ′)] = 4πiα′δ(σ − σ′)[ω̂+
ba

cJ+
c − ω̂−

ab
cJ−

c ] (3.7c)

where ω̂± are the generalized connections (2.18) with torsion and the quantities

(τ̂±)cab ≡ ωcab + ωabc + ωbca ±
1

2
Hcab (3.8)

are totally antisymmetric tensors on M . We have checked that the algebra (3.7) satisfies

all Jacobi identities.

We have been unable to find the general current algebra (3.7) in the literature of the

sigma model, although Faddeev and Takhtajan [39] have given an example of the algebra

in the special case of the principal chiral model, where

Gab = kηab, ωab
c = − 1

2
√

α′fab
c, Hab

c = 0. (3.9)

For the special case of the WZW model, the algebra (3.7) is closely related to the bracket

form of affine g × g: The currents J+ already satisfy the algebra of affine g because

ω̂+ = 0 in this case, but the currents J− need a correction factor to complete the algebra
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(see eq (2.25b)). This subject is further discussed in Appendix A, which also constructs

a related set of non-local chiral currents in the general sigma model.

We are now prepared to require that the chiral stress tensors

T++ =
1

8πα′L
abJ+

a J+
b , T−− =

1

8πα′ L̄
abJ−

a J−
b (3.10)

satisfy the commuting Virasoro algebras

[T±±(σ), T±±(σ′)] = ±i[T±±(σ) + T±±(σ′)]∂σδ(σ − σ′) (3.11a)

[T++(σ), T−−(σ′)] = 0. (3.11b)

Using both the general current algebra (3.7) and the covariant constancy (3.3) of the

inverse inertia tensors, we find after some algebra that (3.11) is satisfied iff

Lab = 2LacGcdL
db, L̄ab = 2L̄acGcdL̄

db. (3.12)

These equations are the analogues on general manifolds of the high-level or classical limit

(2.11) of the VME on group manifolds.

As discussed below, the classical relations (3.3) and (3.12) of this section will receive

quantum corrections, e.g.

∇̂+
i Lab = O(α′) (3.13a)

Lab = 2LacGcdL
db + O(α′) (3.13b)

although the generalized VME in (3.13b) remains algebraic in L.

4 Summary of the unified system

We summarize here the results of our one-loop computation in the general sigma model

(2.15a), postponing details of the computation until Section 6.

Including the one-loop dilatonic and counterterm contributions, the holomorphic and

antiholomorphic stress tensors are

T = −Lab(
ΠaΠb

α′ +
1

2
ΠcΠdHae

cHb
ed) + ∂(ΠaΦ

a) + O(α′) (4.1a)

T̄ = −L̄ab(
Π̄aΠ̄b

α′ +
1

2
Π̄cΠ̄dHae

cHb
ed) + ∂̄(Π̄aΦ̄

a) + O(α′) (4.1b)

a, b = 1, . . . , dim(M) (4.1c)

where Lab = Lba, L̄ab = L̄ba are the inverse inertia tensors and Πa, Π̄b are defined in

(2.19e). The second terms in T and T̄ are finite one-loop counterterms which characterize

our renormalization scheme. The quantities Φa and Φ̄a in (4.1a), (4.1b) are called the
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dilaton vectors, and we will see below that the dilaton vectors include the conventional

dilaton as a special case.

For the holomorphic stress tensor T , we find the unified Einstein-Virasoro master

equation

LcdR̂+
acdb + ∇̂+

a Φb = O(α′) (4.2a)

Φa = 2La
bΦb + O(α′) (4.2b)

∇̂+
i Lab = O(α′) (4.2c)

Lab =2LacGcdL
db

− α′(LcdLefHce
aHdf

b + LcdHce
fH

(a
df Lb)e)

− α′(Lc(aGb)d∇[cΦd]) + O(α′2)

(4.2d)

c = 2GabL
ab + 6α′(2ΦaΦ

a −∇aΦ
a) + O(α′2) (4.2e)

where the first line of (4.2d) is the classical master equation in (3.12).

The Virasoro conditions for the antiholomorphic stress tensor are quite similar,

L̄cdR̂−
acdb + ∇̂−

a Φ̄b = O(α′) (4.3a)

Φ̄a = 2L̄a
bΦ̄b + O(α′) (4.3b)

∇̂−
i L̄ab = O(α′) (4.3c)

L̄ab =2L̄acGcdL̄
db

− α′(L̄cdL̄efHce
aHdf

b + L̄cdHce
fH

(a
df L̄b)e)

− α′(L̄c(aGb)d∇[cΦ̄d]) + O(α′2)

(4.3d)

c̄ = 2GabL̄
ab + 6α′(2Φ̄aΦ̄

a −∇aΦ̄
a) + O(α′2) (4.3e)

and in fact follow from the unified system (4.2) for T , using the symmetry Π ↔ Π̄,

H ↔ −H of the sigma model action (2.15a).

In what follows, we refer to (4.2a) and (4.3a) as the generalized Einstein equations

of the sigma model, and eqs. (4.2b) and (4.3b) are called the eigenvalue relations of

the dilaton vectors. Equations (4.2d), (4.3d) are called the generalized Virasoro master

equations (VMEs) of the sigma model. In Section 5.7, we show that the central charges

(4.2e) and (4.3e) are consistent by Bianchi identities with the rest of the unified system.

The O(α′) corrections to the covariant-constancy conditions (4.2c) and (4.3c) can be

computed in principle from the solutions of the generalized VMEs.

Some simple observations

1. Algebraic form of the generalized VMEs. In parallel with the VME, the generalized

VMEs (4.2d) and (4.3d) are algebraic equations for L and L̄. This follows because any
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derivative of L or L̄ can be removed (see also Section 6) by using the covariant-constancy

conditions (4.2c) and (4.3c).

2. Correspondence with the VME. The non-dilatonic terms of the generalized VMEs

(4.2d) and (4.3d) have exactly the form of the unimproved VME (2.4a), after the covariant

substitution

fab
c →

√
α′Hab

c (4.4)

for the general sigma model. This correspondence is the inverse of the WZW datum in

(2.22),

Hab
c =

1√
α′fab

c (4.5)

which means that, for the special case of WZW, the non-dilatonic terms of the generalized

VMEs will reduce correctly to those of the unimproved VME. We return to complete the

WZW reduction in Section 5.2.

3. Dilaton solution for the dilaton vector. According to the classical limit (3.12) of

the generalized VMEs, one solution of the eigenvalue relations (4.2b) and (4.3b) for the

dilaton vectors is

Φa(Φ) ≡ 2Lab∇bΦ (4.6a)

Φ̄a(Φ) ≡ 2L̄ab∇bΦ. (4.6b)

In what follows, this solution is called the dilaton solution, and we shall see in the

following section that the scalar field Φ is in fact the conventional dilaton of the sigma

model.

5 Properties of the unified system

5.1 The conventional stress tensors of the sigma model

In this section, we check that the conventional stress tensors of the sigma model are

correctly included in the unified system.

In the full system, the conventional stress tensors TG, T̄G of the sigma model corre-

spond to the particular solution of the generalized VMEs whose classical limit is

Lab = L̄ab = Lab
G =

Gab

2
+ O(α′) (5.1)

where Gab is the inverse of the metric in the sigma model action. The covariant-constancy

conditions (4.2c) and (4.3c) are trivially solved to this order because ∇̂±
i Gab = 0.

To obtain the form of TG and T̄G through one loop, we must also take the dilaton

solution (4.6) for the dilaton vectors, so that the dilaton contributes to the system as

Φa = Φ̄a = ΦG
a = ∇aΦ + O(α′) (5.2a)
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∇[aΦ
G
b] = O(α′). (5.2b)

The relations (5.1) and (5.2a) then tell us that the generalized Einstein equations (4.2a)

and (4.3a) simplify to the conventional Einstein equations

R̂±
ab − 2∇̂±

a ∇̂±
b Φ = O(α′) (5.3)

in agreement with equations (2.20a), (2.20b) and (2.21). Moreover, (5.2b) tells us that

the dilaton terms do not contribute to the generalized VMEs in this case, and we may

easily obtain

Lab = L̄ab = Lab
G =

Gab

2
− α′

4
(H2)ab + O(α′2) (5.4a)

∇̂±
i Lab

G = −α′

4
∇̂+

i (H2)ab + O(α′2) (5.4b)

TG(Φ) = −Gab

2α′ ΠaΠb + ∂2Φ + O(α′) (5.4c)

T̄G(Φ) = −Gab

2α′ Π̄aΠ̄b + ∂̄2Φ + O(α′) (5.4d)

by solving the generalized VMEs through the indicated order. In this case, the stress

tensor counterterms in (4.1a), (4.1b) cancel against the O(α′) correction to LG, and

(5.4c), (5.4d) are consistent with (2.19). In what follows, the stress tensors TG(Φ) and

T̄G(Φ) are called the conventional stress tensors of the sigma model.

To complete the check, we evaluate the central charges c = c̄ = cG(Φ) in this case,

cG(Φ) = 2Gab(
Gab

2
− α′

4
(H2)ab) + 6α′(2|∇Φ|2 −∇2Φ) + O(α′2) (5.5a)

= dim(M) + 3α′(4|∇Φ|2 − 2∇2Φ − 1

6
H2) + O(α′2) (5.5b)

= dim(M) + 3α′(4|∇Φ|2 − 4∇2Φ + R +
1

12
H2) + O(α′2) (5.5c)

which agrees with the conventional central charge in (2.20c). To obtain the usual form in

(5.5c), we used the conventional Einstein equations (2.20a) in the form R = 2∇2Φ− 1
4
H2.

Dilaton-vector Einstein equations

For completeness, we also note the form of the system for L = L̄ = LG with general

dilaton vectors ΦG
a , Φ̄G

a . The dilaton vector terms still do not contribute to the generalized

VMEs, whose solution is still (5.4a). For the holomorphic system, one obtains

TG(Φa) = −Gab

2α′ ΠaΠb + ∂(ΠaΦG
a ) + O(α′) (5.6a)

cG(Φa) = dim(M) + 3α′(4ΦG
a Φa

G − 4∇aΦ
a
G + R +

1

12
H2) + O(α′2) (5.6b)

R̂+
ab − 2∇̂+

a ΦG
b = O(α′) (5.6c)
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where Φa
G is unrestricted because its eigenvalue equation is trivial. The antiholomorphic

system in this case is similarly obtained with Πa → Π̄a, + → − and ΦG
a → Φ̄G

a . In what

follows, the stress tensor TG(Φa) in (5.6a) will be called the the conventional stress tensor

with general dilaton vector, and the relations in (5.6c) will be called the dilaton-vector

Einstein equations of the sigma model.

5.2 WZW and the improved VME

In this section we check that, for the special case of WZW, the unified system reduces

to a holomorphic and an antiholomorphic copy of the improved VME (2.4a), where the

improvement vectors D, D̄ are constructed from the general dilaton vectors.

We recall first from Section 4 that the non-dilatonic terms of the generalized VMEs

reduce correctly to those of the VME,

Lab = (usual L2 and L2f 2 terms) + dilaton vector term + O(α′2) (5.7a)

L̄ab = (usual L̄2 and L̄2f 2 terms) + dilaton vector term + O(α′2) (5.7b)

because H = 1√
α′ f in this case.

To study the dilaton vector terms, we recall first that the generalized Riemann tensors

R̂±
abcd vanish for WZW, so the generalized Einstein equations (4.2a) and (4.3a) simplify

to

∇̂+
a Φb = O(α′), ∇̂−

a Φ̄b = O(α′). (5.8)

These relations and the WZW datum (2.22) for H can be used to evaluate the (ordinary)

covariant derivatives of the dilaton vectors

∇aΦb =
1

2
√

α′fab
cΦc + O(α′), ∇aΦ̄b = − 1

2
√

α′fab
cΦ̄c + O(α′), (5.9)

so that the generalized VMEs (4.2d) and (4.3d) have the form

Lab = (usual L2 and L2f 2 terms) +
√

α′fcd
(aLb)cΦd + O(α′2) (5.10a)

L̄ab = (usual L̄2 and L̄2f 2 terms) −
√

α′fcd
(aL̄b)cΦ̄d + O(α′2) (5.10b)

when the sigma model is taken as WZW. Comparing with the improved VME (2.4),

one is tempted to identify the constant improvement vectors Da, D̄a as proportional by

constants to the dilaton vectors Φa, Φ̄a. The full story is slightly more involved however,

because we have not yet studied the spacetime dependence of the dilaton vectors.

Constant quantities on the group manifold

To study the coordinate dependence of Φa and Φ̄a for WZW, we return to solve the

generalized Einstein equations (5.8) using the WZW data

ω̂+
ab

c = 0, ω̂−
ab

c = − 1√
α′fab

c. (5.11)
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At leading order, the general solution of these equations can be written as conservation

laws

∂iD
a = ∂iD̄

a = 0 (5.12a)

Da ≡ −
√

α′Φa = constant (5.12b)

D̄a ≡
√

α′Φ̄bΩb
a = constant (5.12c)

Here Ωa
b is the adjoint action of g, whose differential equation (2.14d) was used to obtain

the solution (5.12c), and we have chosen the multiplicative constants in (5.12b), (5.12c)

so that the constant quantities D, D̄ will turn out to be the improvement vectors.

One way to understand why Φ̄a is not a constant is that L̄ab is not a constant either.

To see this, we similarly solve the covariant-constancy conditions (4.2c), (4.3c) for the

inverse inertia tensors, using the WZW data (5.11) again. At leading order the solution

is

∂iL
ab = ∂iL̄

′ab = 0 (5.13a)

Lab = constant (5.13b)

L̄′ab = L̄cdΩc
aΩd

b = constant (5.13c)

where Ωa
b is again the adjoint action of g.

This completes the picture for the generalized VMEs, and we see that both can be

written in terms of the constant quantities‡,

Lab = (usual L2 and L2f 2 terms) − fce
(aLb)cDe + O(k−3) (5.14a)

L̄′ab = (usual L̄′2 and L̄′2f 2 terms) − fce
(aL̄′b)cD̄e + O(k−3) (5.14b)

because Ω is an inner automorphism of g and the VME is covariant under transformations

in Aut(g) (see Section 2.1). The result (5.14) is exactly two copies of the improved VME

(2.4a), with the improvement vectors D, D̄ constructed from the dilaton vector in (5.12b),

(5.12c).

The reason for the extra automorphism in the antiholomorphic system is in fact clear

from our starting point. Both Π and Π̄ are defined with the vielbein e on M , which

we have identified with the left-invariant vielbein on G, but the antiholomorphic WZW

current J̄ involves instead the right-invariant vielbein ē. This difference is responsible for

the extra factor of the adjoint action Ω in the antiholomorphic part of the WZW data

(2.25),

Ja =
i√
α′Πa, J̄a = − i√

α′ (Ω
−1)a

bΠ̄b. (5.15)

‡In the high-level expansion [24, 7] of the VME, it is known that Lab = O(k−1) and the L2f2 terms of

the VME are O(k−2), which corresponds to one-loop at the sigma model level. For correspondence with

the loop expansion, the improvement term fLD must then also be O(k−2), which says that Da = O(k−1).

To obtain improvement vectors Da = O(k0), one must allow dilaton-vector contributions at the tree level

(see also the remarks in Section 7).
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Indeed, using this data and the identifications (5.12b), (5.12c) of D and D̄, we find that

the sigma model stress tensors (4.1a), (4.1b) reduce to the form

T = LabJaJb + iDa∂Ja + (L-counterterm) + O(α′) (5.16a)

T̄ = L̄′abJ̄aJ̄b + iD̄a∂J̄a + (L̄′-counterterm) + O(α′) (5.16b)

which is nothing but two copies of the general affine-Virasoro construction.

Next, we consider the central charges (4.2e) and (4.3e), using the relations

∇aΦ
a = ∇aΦ̄

a = O(α′) (5.17)

which follow for WZW from eq. (5.9). Then the central charges reduce to

c = 2Gab(L
ab + 6DaDb) + O(k−2) (5.18a)

c̄ = 2Gab(L̄
′ab + 6D̄aD̄b) + O(k−2) (5.18b)

in agreement with the central charge (2.4c) of the improved VME. The central charges

can be taken equal c̄ = c by choosing L̄′ = L and D̄ = D.

We finally note that the eigenvalue relations (4.2b), (4.3b) of the dilaton vectors can

be rewritten with (5.12) as

2LabGbcD
c = Da + O(k−2) (5.19a)

2(L̄′)abGbcD̄
c = D̄a + O(k−2) (5.19b)

which are recognized as the leading terms of two copies of the exact eigenvalue relation

(2.4b) of the improved VME. This completes the one-loop check of the unified system

against the improved VME.

Dilaton deformations in WZW theory

Except for their eigenvalue relations, the improvement vectors Da, D̄a of the VME

are quite general, and are in correspondence with the general dilaton vectors Φa, Φ̄a of

the unified system with WZW background. In particular, it is well known [40] that the

improvement vector Da
g for the affine-Sugawara construction Lg is completely general,

Da
g = arbitrary constants (5.20)

because the eigenvalue relation (2.4b) is an identity in this case.

On the other hand, the dilaton solution Φa(Φ) in (4.6) for the dilaton vectors provides

only a restricted subset of these deformations, which in fact may be more restricted than

it appears at first sight. As an example, consider the possible dilaton deformations

Da
g(Φ) = −

√
α′Φa

g = −
√

α′∇aΦ (5.21)
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of the affine-Sugawara construction Lg. In this case we have from (5.9) that

O(α′) = [∇a,∇b]Φ =
1√
α′fab

cΦg
c =

1√
α′fab

c∇cΦ (5.22a)

→ Φ = constant, Da
g (Φ) = 0 (5.22b)

so that, in contrast to (5.20), no dilaton deformations are allowed for the affine-Sugawara

constructions.

Exact relations in WZW theory?

Beyond one loop, it should be emphasized that the improved VME (2.4a), (2.4b) and

central charge (2.4c) are exact to all orders in this case and the quantities Lab, L′ab, Da

and D̄a are constant to all orders. It follows that the covariant-constancy conditions

∇̂+
i Lab = ∇̂−

i L̄ab = 0 (5.23a)

∇̂+
i Da = ∇̂−

i (D̄b(Ω−1)b
a) = 0 (5.23b)

are exact to all orders in the general affine-Virasoro construction. The one-loop form of

(5.23a), e.g. ∇̂+
i Lab = O(α′2), also follows from the one-loop master equations (5.14).

This tells us that it is reasonable to assume that a higher-loop renormalization scheme

can be found which preserves the VME and the relations (5.23) at arbitrary loop-order

when the sigma model is taken as WZW.

If we further assume that our correspondence (5.12b), (5.12c),

Da = −
√

α′Φa, D̄a =
√

α′Φ̄bΩb
a (5.24)

is also exact, we are led to write down the relations

∇̂+
i Φa = ∇̂−

i Φ̄a = 0 (5.25a)

Φa(2GabL
be + fab

dLbcfcd
e) = Φe (5.25b)

Φ̄a(2GabL̄
be + fab

dL̄bcfcd
e) = Φ̄e (5.25c)

as candidates for exact eigenvalue relations in WZW theory. Here, (5.25a) follows from

(5.23b) and (5.24), while (5.25b), (5.25c) are transcriptions of the exact eigenvalue con-

dition (2.4b) using (5.24). The candidate relations (5.25) take the simpler form

∇̂±
i ∇jΦ = 0 (5.26a)

∇aΦ(2GabL
be
g + fab

dLbc
g fcd

e) = ∇eΦ (5.26b)

for the dilaton of the conventional stress tensors (5.4c), where Lab
g is the inverse inertia

tensor (2.9a) of the affine-Sugawara construction. In this case, the literature contains

some supporting evidence: The analysis of [41, 13] shows that there is a renormalization

scheme in which (5.26a) holds, and, if in such a scheme the VME is also exact, then

relation (5.26b) is a consequence of the exact form of Lg in (2.9).
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5.3 Exact relations in the general sigma model?

Although our unified system has been computed only through one loop, we saw in Sec-

tions 5.1 and 5.2 that some of the components of the system are both

• in one-loop agreement with the conventional stress tensors of the general sigma

model.

• exact for the general affine-Virasoro construction.

We collect those components here, since, with an appropriate renormalization scheme,

they are candidates for exact relations in the general sigma model.

Among these candidates, we mention first the generalized VME and its central charge

Lab =2LacGcdL
db

− α′(LcdLefHce
aHdf

b + LcdHce
fH

(a
df Lb)e)

− α′(Lc(aGb)d∇[cΦd])

(5.27a)

c = 2GabL
ab + 6α′(2ΦaΦ

a −∇aΦ
a) (5.27b)

and the corresponding antiholomorphic copy in (4.3). As discussed in the previous sec-

tions, these relations are in one-loop agreement with the conventional stress tensors of

the general model, and, under the identification (5.24), they are exact to all orders in the

general affine-Virasoro construction. We remark in particular that the (one-loop) gen-

eralized VMEs contain no terms proportional to the generalized Riemann tensors R̂±.

Such terms would not affect the check against the general affine-Virasoro construction,

but would invalidate (5.27a), (5.27b) as candidates for exact relations in the sigma model.

To this list, we should add the eigenvalue relations for the dilaton vectors

Φa(2GabL
be + α′Hab

dLbcHcd
e) = Φe (5.28a)

Φ̄a(2GabL̄
be + α′Hab

dL̄bcHcd
e) = Φ̄e (5.28b)

which we have constructed from the exact eigenvalue relations (2.4b) using the corre-

spondence (5.24) and the covariant substitution fab
c →

√
α′Hab

c in (4.4). These relations

generalize the one-loop eigenvalue relations (4.2b), (4.3b) and are in all-order agreement

with the general affine-Virasoro construction.

The eigenvalue relations (5.28) take a simpler form for the conventional stress tensors

TG(Φ) of the general sigma model,

∇aΦ(2GabL
be
G + α′Hab

dLbc
GHcd

e) = ∇eΦ (5.29)

where the inverse inertia tensor LG is given in (5.4a). Using the explicit form of LG, we

can easily check that

2GabL
be
G + α′Hab

dLbc
GHcd

e = δa
e + O(α′2) (5.30)
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so the candidate relation (5.29) is verified at two loops in the form ∇eΦ = ∇eΦ+O(α′2).

Investigation of the relations (5.27) and (5.28) at higher order is an important open

problem in ICFT since such relations would, through the Bianchi identities, place strong

constraints on the higher-order form of the generalized and conventional Einstein equa-

tions of the general sigma model.

5.4 Semiclassical properties of the system

The generalized VME (4.2d) can be written in the form

La
b = 2La

cLc
b + α′X(L)a

b + O(α′2) (5.31a)

∇̂+
i La

b = O(α′) (5.31b)

where La
b = Lb

a = GacL
cb and the matrix Xa

b is easily read from (4.2d). The solutions

of this system may be studied as power series in the string tension α′

La
b =

1

2
Pa

b + α′∆a
b + O(α′2) (5.32a)

Pa
cPc

b = Pa
b, ∇̂+

i Pa
b = 0 (5.32b)

∆a
b = Pa

c∆c
b + ∆a

cPc
b + X(P/2)a

b (5.32c)

∇̂+
i La

b = α′∇̂+
i ∆a

b + O(α′2) (5.32d)

where P is a covariantly constant projector and ∆, which must solve the linear equation

(5.32c), is the O(α′) correction to L. The same forms are found for the antiholomorphic

subsystem with L → L̄ and P → P̄ , where P̄ is a covariantly constant projector which

satisfies P̄ 2 = P̄ and ∇̂−
i P̄ = 0.

The zeroth-order generalized Einstein and dilaton vector equations are then

P cdR̂+
acdb + 2∇̂+

a Φ
(0)
b = P̄ cdR̂−

acdb + 2∇̂−
a Φ̄

(0)
b = 0 (5.33a)

Φ(0)
a = Pa

bΦ
(0)
b , Φ̄(0)

a = P̄a
bΦ̄

(0)
b , (5.33b)

where Φ(0)
a and Φ̄(0)

a are the zeroth-order form of the dilaton vectors and P , P̄ are the

covariantly constant projectors.

The classical projector P and the linear equation (5.32c) are in close correspondence

with the high-level expansion [24, 7] of the VME, so we know that (5.32c) will place

further restrictions on the allowed projectors and that a general solution of (5.32c) is

unlikely. (See however the known solutions [7] of the VME on group manifolds and the

particular solution LG in (5.4a) on any manifold.)

On the other hand, we may easily determine La
a = Tr(L) by studying Tr(∆) and

Tr(P∆), using (5.32c). This gives the expansions

2La
a = rank(P ) + α′(Pa

bPc
e(Pd

f − 3

2
δf
d ))HacdHbef + O(α′2) (5.34a)
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rank(P ) = 4(La
bLb

a − 2α′La
bLc

e(Ld
f − δf

d )HacdHbef) + O(α′2) (5.34b)

and similarly for L → L̄, P → P̄ . The relation (5.34a) generalizes the known [24] high-

level expansion of the central charge in the general affine-Virasoro construction, and,

using the generalized VME, the relation (5.34b) follows from (5.34a). Both relations will

be useful below.

5.5 Integrability conditions and G-structures

The inverse inertia tensors Lab and L̄ab are second-rank symmetric spacetime tensors,

and we know that their associated projectors P and P̄ are covariantly constant

∇̂+
i Pa

b = ∇̂−
i P̄a

b = 0 (5.35)

Operating with a second covariant derivative, we find that the integrability conditions

R̂+
cd

aePe
b + R̂+

cd
bePe

a = 0 (5.36a)

R̂−
cd

aeP̄e
b + R̂−

cd
beP̄e

a = 0 (5.36b)

follow as necessary conditions for the existence of solutions to (5.35). In the following,

we give two applications of the integrability conditions.

Ricci form of the generalized Einstein equations

Using (5.35) and the integrability conditions (5.36), the zeroth-order generalized Ein-

stein equations (5.33a) are easily written in the Ricci form

(R̂+
ab − 2∇̂+

a Φ
(0)
b )P bc = (R̂−

ab − 2∇̂−
a Φ̄

(0)
b )P̄ bc = 0 (5.37)

where the left factors have the same form as the dilaton-vector Einstein equations (5.6c).

Moreover, the steps followed to obtain the Ricci form are reversible, so that the Ricci

form (5.37) and the generalized Einstein equations (5.33a) are equivalent when P and P̄

are covariantly constant.

Covariant derivative of Tr(L)

As a second application of the integrability conditions, we will verify the relations

∇̂+
i La

a = −3

2
α′Pc

bHbedR̂
+edc
i + O(α′2) (5.38a)

∇̂−
i L̄a

a = +
3

2
α′P̄c

bHbedR̂
−edc
i + O(α′2) (5.38b)

giving details only for (5.38a). These relations will be useful below in checking that the

central charges are covariantly constant.

23



For the proof we note first that, according to (5.34a) and (5.35), the relation (5.38a)

is equivalent to the relation

∇̂+
i (Pa

bPc
e(Pd

f − 3

2
δd

f)HacdHbef) = −3Pc
bHbedR̂

+edc
i (5.39)

whose left and right sides are respectively cubic and linear in the projector P . To establish

(5.39), we compute directly using ∇̂+
i P = 0, P 2 = P , the integrability conditions (5.36a)

and the (+) form of the Bianchi identities

∇̂±
i Habc = ±(R̂±

iabc + R̂±
icab + R̂±

ibca) (5.40)

which follow from the explicit form of R̂±
abcd in (2.18f).

As an example, we follow that term in the differentiation (5.39) which corresponds to

the first term in (5.40),

2Pa
bPc

e(Pd
f − 3

2
δf
d )HbefR̂

+acd
i (5.41a)

= −2Pa
b(Pd

f − 3

2
δf
d )HbefR̂

+adc
i Pc

e (5.41b)

= 2Pa
bPc

d(Pd
f − 3

2
δf
d )HbefR̂

+aec
i (5.41c)

= −Pa
bPc

fHbefR̂
+aec
i (5.41d)

where we used the integrability conditions (5.36a) to obtain (5.41c) and P 2 = P to obtain

(5.41d). Following similar steps for the other terms, we find that the left side of (5.39) is

reduced to a quadratic form in P , and that the quadratic terms in fact cancel, verifying

the right side of (5.39) and hence (5.38a). The relation (5.38b) follows similarly from the

(−) form of the Bianchi identities in (5.40).

Theory of G-structures

On any manifold, there is always at least one solution to the covariant-constancy

conditions (5.35) and their integrability conditions (5.36), namely

P ab = P̄ ab = Gab (5.42a)

R̂±ab
cd + R̂±ba

cd = 0 (5.42b)

Lab = L̄ab = Lab
G =

Gab

2
+ O(α′) (5.42c)

where Gab is the metric of the sigma model action. This solution is the classical limit

of the conventional sigma model stress tensor, as discussed in Section 2.2. For WZW,

the integrability conditions (5.36) are also trivially satisfied (because R̂±
abcd = 0) and

the general solutions of the covariant-constancy conditions were obtained for this case in

Section 5.2.

In general we are interested in the classification of manifolds with at least one more

solution P ab, beyond Gab. This is a problem in the theory of G-structures [23], which
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includes the study of all possible covariantly constant objects on arbitrary manifolds.

Physical examples include the case of Calabi-Yau manifolds [42, 43], which are char-

acterized by the presence of a covariantly constant spinor, and supersymmetric sigma

models [44] with additional conserved currents, which are characterized by the presence

of covariantly closed differential forms in target space. Here, we are looking for manifolds

with one or more covariantly constant projectors P ab beyond Gab.

To get an idea of the properties of such manifolds, we start by examining the covariant-

constancy conditions (5.35). The equation ∇̂+
i Pa

b = 0 is a first-order linear differential

equation for Pa
b. This means that Pa

b is completely determined by its value at one point,

say Pa
b(x0). The value of Pa

b at an arbitrary point x can then be obtained by integrating

∇̂+
i Pa

b = 0 along a curve γ from x0 to x, or, equivalently, by parallel transport of Pa
b

along γ with respect to the connection ∇̂+. For consistency, the result should not depend

on the choice of curve γ. Two different curves γ1 and γ2 give the same result if and only

if we recover the original value Pa
b(x0) after parallel transport along the closed curve

ζ which begins and ends at x0, and which is given by the union of γ1 and −γ2. The

parallel transport of any object along a closed curve ζ can by definition be obtained from

the holonomy of ζ , which is a matrix M(ζ) ∈ O(d). In the case of Pa
b(x0), its parallel

transport along ζ is given in terms of M by

Pa
b(x0)

ζ→ M(ζ)a
c(M(ζ)t)d

bPc
d(x0) (5.43)

where M(ζ)t denotes the transpose of M(ζ). Thus, the consistency requirement that

(along each closed curve ζ starting and ending at x0) Pa
b(x0) is parallel transported back

to itself now reads that for all ζ

Pa
b(x0)M(ζ)b

e = M(ζ)a
cPc

e(x0). (5.44)

The set of all matrices M(ζ) from a group, the holonomy group [45–47,43,48] of the

target-space manifold M , and (5.44) tells us that ker(P ) is an invariant subspace of the

representation M(ζ)a
c of the holonomy group, which must therefore be reducible (except

for the trivial cases when P ab = 0 or P ab = Gab).

In the case that ∇̂+ is torsion-free (i.e. H = 0), it is known from the de Rham global

splitting theorem [49] that reducibility of the holonomy implies that the manifold must

be a direct product of a certain number of submanifolds with the direct product metric,

each of which has irreducible holonomy, and all possible irreducible holonomies of each

submanifold have been completely classified [50–53]. As a result, the torsion-free case

contains only trivial solutions of the unified system where the sigma model is a direct

product of a conformal and a non-conformal field theory (see also Section 5.8). More

interesting is the broader situation where the antisymmetric tensor, while still closed,

is nonvanishing. In that case it is an unsolved problem which manifolds have reducible

holonomy, except when the holonomy is trivial. In the latter case, the manifold must be

a group manifold, and the sigma model must be a WZW model. A derivation of this fact

is included in Appendix A.
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To summarize, the classification of manifolds with reducible holonomy is centrally

relevant for the solutions of the unified system which are solutions for generic values of

α′. For any such manifold the allowed projectors P are in one-to-one correspondence

with the projectors onto invariant subspaces of the representation of the holonomy group

at one fixed point on the manifold. Further solutions may exist at special values of α′,

but such sporadic solutions, although well-known [7] in the VME, are inaccessible in the

perturbative formulation of the unified system.

5.6 Alternate forms of the central charge

Using the generalized Einstein equation and the generalized VME, the central charge

(4.2e) can be written in a variety of forms,

c = 2La
a + 6α′(2ΦaΦ

a − ∇̂+
a Φa) + O(α′2) (5.45a)

= 4La
bLb

a + 2α′
[

Lb
eLd

fHbdaHefa + 3(2ΦaΦ
a − ∇̂+

a Φa)
]

+ O(α′2) (5.45b)

= rank(P ) + 2α′
[

La
bLc

e(4Ld
f − 3δd

f)HacdHbef + 3(2ΦaΦ
a − ∇̂+

a Φa)
]

+ O(α′2) (5.45c)

= rank(P ) + 2α′
[

3LabR̂+
ab + La

bLc
e(4Ld

f − 3δd
f )HacdHbef + 6(ΦaΦ

a − ∇̂+
a Φa)

]

+O(α′2)

(5.45d)

= 4La
bLb

a + 2α′
[

3LabR̂+
ab + La

bLc
eHacdHbed + 6(ΦaΦ

a − ∇̂+
a Φa)

]

+ O(α′2) (5.45e)

and the same forms are obtained for c̄ by the substitution L → L̄, P → P̄ , Φa → Φ̄a and

+ → −.

The form of the central charge in (5.45b) follows from (5.45a) by the generalized

VME, and similarly the form in (5.45c) follows from (5.45a) by using the generalized

VME in the form (5.34a). The form in (5.45d) then follows from (5.45b) by using the

trace of the generalized Einstein equations (4.2a), (4.3a),

LabR̂+
ab − ∇̂+

a Φa = O(α′), L̄abR̂−
ab − ∇̂−

a Φ̄a = O(α′), (5.46)

and the final form in (5.45e) follows from (5.45d) by another application of the generalized

VME in the form (5.34b).

The first form in (5.45a) is the ‘affine-Virasoro form’ of the central charge, noted above

as possibly exact to all orders in the general sigma model. The form in (5.45d), with

the first occurence of the generalized Ricci tensor, will be called the ‘conventional form’

of the central charge because it reduces easily to the central charge of the conventional

stress tensors

cG(Φ) = dim(M) + 3α′(4|∇Φ|2 − 4∇2Φ + R +
1

12
H2) + O(α′2) (5.47)

when P = G and ΦG
a = ∇aΦ. The conventional form is also the form in which we found

it most convenient to prove the constancy of c and c̄ (see Section 5.7). The final form of c

in (5.45e) is the form which we believe comes out directly from the two-loop computation

(see Section 6).
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5.7 Bianchi identities and constant central charge

In this section, we check that the rest of the unified system implies that the central

charges are constant

∂ic = ∇̂+
i c = O(α′2), ∂ic̄ = ∇̂−

i c̄ = O(α′2) (5.48)

although we give details only for c.

For this check, we use the zeroth-order form of the generalized VME and Einstein

equations

Pa
cPc

b = Pa
b, ∇̂+

i Pa
b = 0 (5.49a)

βab ≡ P cdR̂+
acdb + 2∇̂+

a Φ
(0)
b = 0 (5.49b)

Φ(0)
a = Pa

bΦ
(0)
b (5.49c)

R̂+
cd

aePe
b + R̂+

cd
bePe

a = 0 (5.49d)

where (5.49d) is the integrability condition discussed in Section 5.5. We will also use the

(+) form of the generalized Bianchi identities

∇̂±
a R̂±

bcde+∇̂±
b R̂±

cade + ∇̂±
c R̂±

abde

± (Hab
fR̂±

fcde + Hbc
fR̂±

fade + Hca
fR̂±

fbde) = 0
(5.50)

which follow from the explicit form of the generalized Riemann tensors in (2.18f).

The form of the central charge which we will use is the ‘conventional form’ in (5.45d),

c=rank(P ) + 6α′βΦ + O(α′2) (5.51a)

βΦ≡−1

2
P abR̂+

cab
c + Pa

bPc
e(

1

6
Pd

f − 1

4
δd

f)HacdHbef + 2(Φ(0)
a Φa

(0) − ∇̂+
a Φa

(0)) (5.51b)

so that the check is equivalent to showing that βΦ is a constant. As we shall see, the

desired relation emerges in the form

0 = −∇̂+
b βa

b + βb
cH

c
ba + 2βa

bΦ
(0)
b = ∇̂+

a βΦ (5.52)

where βab = 0 is the generalized Einstein equation.

We outline the steps needed to verify (5.52). For the first term, we find

∇̂+
b βa

b = ∇̂+
b (P cdR̂+

acd
b) + 2∇̂+

b ∇̂+
a Φb

(0) (5.53a)

= ∇̂+
b (P cdR̂+

acd
b) + 2[∇̂+

b , ∇̂+
a ]Φb

(0) + 2∇̂+
a ∇̂+

b Φb
(0) (5.53b)

= ∇̂+
a (

1

2
P bcR̂+

dbc
d + 2∇̂+

b Φb
(0)) + P bc(Haf

dR̂+
dbc

f − 1

2
Hcf

dR̂+
dab

f)

+2R̂+
acb

cΦb
(0) + 2Hab

c∇cΦ
b
(0) (5.53c)
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where we used P times the (+) Bianchi identity (5.50) and the relation (2.18e) to obtain

(5.53c). For the dilaton vector term we find

2βa
bΦ

(0)
b = 2∇̂+

a (Φ
(0)
b Φb

(0)) − 2R̂+
ac

bdPd
cΦ

(0)
b (5.54a)

= 2∇̂+
a (Φ

(0)
b Φb

(0)) + 2R̂+
ac

cbΦ
(0)
b (5.54b)

where we used (5.49c) and (5.49d) to obtain (5.54b). Adding all three terms of (5.52),

we find that

0 = −∇̂+
b βa

b + βb
cH

c
ba + 2βa

bΦ
(0)
b (5.55a)

= ∇̂+
a (−1

2
P bcR̂+

dbc
d − 2∇̂+

b Φb
(0) + 2∇̂+

b Φb
(0)) −

1

2
R̂+

ade
bPb

cHc
de (5.55b)

= ∇̂+
a βΦ (5.55c)

where the identity (5.38a) was used to write the last term in (5.55b) as a total derivative.

This completes the demonstration that the central charge c is a constant, and similar

steps using the (−) Bianchi identity in (5.50) show that c̄ is also constant.

5.8 Solution classes and a simplification

Class I and Class II solutions

The solutions of the unified system (4.2) can be divided into two classes,

Class I. T conformal but TG(Φa) not conformal:

P cdR̂+
acdb + 2∇̂+

a Φ
(0)
b = 0, Pa

bΦ
(0)
b = Φ(0)

a (5.56a)

R̂+
ab − 2∇̂+

a Φ
(0)G
b 6= 0 (5.56b)

Class II. T and TG(Φa) both conformal:

P cdR̂+
acdb + 2∇̂+

a Φ
(0)
b = 0, Pa

bΦ
(0)
b = Φ(0)

a (5.57a)

R̂+
ab − 2∇̂+

a Φ
(0)G
b = 0 (5.57b)

where Φ
(0)G
b is unrestricted. The distinction here is based on whether or not (in addition

to the generalized Einstein equations) the dilaton-vector Einstein equations in (5.6a) are

also satisfied. In the case when the dilaton solution Φa(Φ) in (4.6) is taken for the dilaton

vector, the question is whether or not the background sigma model is itself conformal in

the conventional sense.
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In Class I, we are constructing a conformal stress tensor T in the operator algebra

of a sigma model whose conventional stress tensor TG(Φa) with general dilaton vector

is not conformal. This is a situation not encountered in the general affine-Virasoro

construction because the conventional stress-tensor Tg of the WZW model is the affine-

Sugawara construction, which is conformal. It is expected that Class I solutions are

generic in the unified system, since there are so many non-conformal sigma models, but

there are so far no non-trivial§ examples (see however [54], which proposes a large set of

candidates).

In Class II, we are constructing a conformal stress tensor T in the operator algebra

of a sigma model whose conventional stress tensor TG(Φa) with general dilaton vector

is conformal. This class includes the case where the conventional stress tensors TG(Φ)

are conformal so that the sigma model is conformal in the conventional sense. The

general affine-Virasoro construction provides a large set of non-trivial examples in Class

II when the sigma model is the WZW action. Other examples are known from the general

affine-Virasoro construction which are based on coset constructions, instead of WZW. In

particular, [55] constructs exact Virasoro operators in the Hilbert space of a certain class

of g/h coset constructions, and it would be interesting to study these operators as Class

II solutions in the sigma model description of the coset constructions.

It is also useful to subdivide Class II solutions into Class IIa and IIb. In Class IIb,

we require the natural identification

Φa = 2La
bΦG

b + O(α′) (5.58)

which solves (4.2b), and Class IIa is the set of solutions in Class II without this iden-

tification. Note in particular that Class IIb contains all solutions in Class II with the

dilaton solution Φa(Φ) in (4.6). We also remark that, for solutions in Class IIb, the Ricci

form (5.37) of the generalized Einstein equations can be written as

(R̂+
ab − 2∇̂+

a ΦG
b )Lbc = O(α′) (5.59)

where the left factor is the dilaton-vector Einstein equation in (5.6c).

Simplification for Class IIb

For solutions in Class IIb, the unified system (4.2), (4.3) can be written in a simpler

form, where the generalized Einstein equations (4.2a) and (4.3a) are replaced by the

dilaton-vector Einstein equations

R̂+
ab − 2∇̂+

a ΦG
b = O(α′), R̂−

ab − 2∇̂−
a Φ̄G

b = O(α′). (5.60)

This simplification of the system follows for solutions in Class IIb because the Ricci form

(5.59) of the generalized Einstein equations are automatically solved when the dilaton-

vector Einstein equations are satisfied (and the Ricci form is equivalent to the generalized

Einstein equations when the covariant-constancy conditions (5.61c) are satisfied).
§Trivial examples in Class I are easily constructed as tensor products of conformal and non-conformal

theories (see also Section 5.5).
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A further simplification in Class IIb follows for the dilaton solution Φa(Φ). In this

case, equations (5.60) can be replaced by the conventional Einstein equations, so that

the unified system reads

Rij +
1

4
(H2)ij − 2∇i∇jΦ = O(α′) (5.61a)

∇kHkij − 2∇kΦHkij = O(α′) (5.61b)

∇̂+
i Lab = O(α′), ∇̂−

i L̄ab = O(α′) (5.61c)

Lab =2LacGcdL
db

− α′(LcdLefHce
aHdf

b + LcdHce
fH

(a
df Lb)e)

− α′(Lc(aGb)d∇[cΦd]) + O(α′2)

(5.61d)

L̄ab =2L̄acGcdL̄
db

− α′(L̄cdL̄efHce
aHdf

b + L̄cdHce
fH

(a
df L̄b)e)

− α′(L̄c(aGb)d∇[cΦ̄d]) + O(α′2)

(5.61e)

c = 2GabL
ab + 6α′(2ΦaΦ

a −∇aΦ
a) + O(α′2) (5.61f)

c̄ = 2GabL̄
ab + 6α′(2Φ̄aΦ̄

a −∇aΦ̄
a) + O(α′2). (5.61g)

Φa = Φa(Φ) = 2La
b∇bΦ, Φ̄a = Φ̄a(Φ) = 2L̄a

b∇bΦ. (5.61h)

This form of the system is close in spirit to the VME of the general affine-Virasoro con-

struction: The solution of the conventional Einstein equations in (5.61a), (5.61b) provides

a conformal background, in which we need only look for solutions of the generalized VMEs

in the form

La
b =

Pa
b

2
+ O(α′), L̄a

b =
P̄a

b

2
+ O(α′) (5.62)

where P and P̄ are covariantly constant projectors. Moreover, as in the VME, we shall see

below that all solutions of the simplified system (5.61) exhibit K-conjugation covariance.

5.9 K-conjugation covariance

For Class II solutions, both the generalized and the dilaton-vector Einstein equations are

satisfied,

LcdR̂+
acdb + ∇̂+

a Φb = O(α′), Φa = 2La
bΦb + O(α′) (5.63a)

Lcd
G R̂+

acdb + ∇̂+
a ΦG

b = O(α′), (5.63b)

so that both the generalized and conventional stress tensors

T = −Lab(
ΠaΠb

α′ +
1

2
ΠcΠdHae

cHb
ed) + ∂(ΠaΦ

a) + O(α′) (5.64a)
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TG(Φa) = −Lab
G (

ΠaΠb

α′ +
1

2
ΠcΠdHae

cHb
ed) + ∂(ΠaΦ

a
G) + O(α′) (5.64b)

are conformal. The explicit form of LG is given in (5.4a).

Experience with the general affine-Virasoro construction leads us to suspect that Class

II solutions of the unified system will exhibit K-conjugation covariance (see Section 2.1),

which is the statement that the K-conjugate stress tensor T̃ ,

T̃ ≡ TG − T, c̃ = cG − c (5.65)

is also conformal when TG and T are conformal. Together, the conformal stress tensors

T and T̃ are called a K-conjugate pair, and the K-conjugate pairs T = TG, T̃ = 0 are

a set of trivial examples in Class II. In what follows, we will demonstrate that (through

one loop) K-conjugation covariance is indeed a property of a large subset of the solutions

in Class II. A parallel demonstration can be given for the antiholomorphic sector, which

is not discussed explicitly here.

We begin by translating the algebraic covariance (5.65) into the geometric system by

defining the K-conjugate inverse inertia tensor L̃ab,

T̃ = −L̃ab(
ΠaΠb

α′ +
1

2
ΠcΠdHae

cHb
ed) + ∂(ΠaΦ̃

a) + O(α′2) (5.66a)

c̃ = 2GabL̃
ab + 6α′(2Φ̃aΦ̃a − ∇̂+

a Φ̃a) + O(α′2) (5.66b)

L̃ab = Lab
G − Lab, Φ̃a = ΦG

a − Φa (5.66c)

where we have used (5.64) and the ‘affine-Virasoro form’ (5.45a) of the central charge to

obtain (5.66b), (5.66c). The eigenvalue relation for the K-conjugate dilaton vector Φ̃a,

2L̃a
bΦ̃b = Φ̃a + O(α′) (5.67)

follows from (5.63a) and (5.66c). This relation is necessary for conformal invariance of

the K-conjugate theory, and, taken together with (5.57a) and (5.66c), also implies that

Φa = 2La
bΦG

b + O(α′), Φ̃a = 2L̃a
bΦG

b + O(α′). (5.68)

These relations show that K-conjugation covariance is restricted to solutions in Class IIb

(see (5.58)).

To verify K-conjugation covariance, we must then show that the conjugate relations

L̃cdR̂+
acdb + ∇̂+

a Φ̃b = O(α′) (5.69a)

∇̂+
i L̃ab = O(α′) (5.69b)

L̃ab =2L̃acGcdL̃
db

− α′(L̃cdL̃efHce
aHdf

b + L̃cdHce
fH

(a
df L̃b)e)

− α′L̃c(aGb)d∇[cΦ̃d]

(5.69c)
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hold when the same equations are satisfied by Lab and Lab
G . Because the generalized Ein-

stein equations and covariant-constancy condition are linear in L, the relations (5.69a),

(5.69b) follow immediately from the corresponding relations for L and LG.

To verify the K-conjugate VME (5.69c), we need the semiclassical expansion intro-

duced in Section 5.4,

L = 2L2 + α′(XL + XΦ) + O(α′2) (5.70a)

L =
1

2
P + α′(∆L + ∆Φ) + O(α′2) (5.70b)

P 2 = P, ∆L = ∆LP + P∆L + XL (5.70c)

∆Φ = ∆ΦP + P∆Φ + XΦ (5.70d)

where (AB)a
b = Aa

cBc
b. Here we have divided the quantities X = XL + XΦ and

∆ = ∆L + ∆Φ of Section 5.4 into the ordinary (L) contributions and the dilatonic (Φ)

contributions, e.g.

XΦ =
1

2
(FP − PF ), Fab = ∇[aΦ

(0)
b] (5.71)

where F is the zeroth-order form of the field strength of the dilaton vector.

We also need the corresponding expansion of the K-conjugate quantities

L̃ =
1

2
P̃ + α(∆̃L + ∆̃Φ) + O(α′2) (5.72a)

P̃ = 1 − P, ∆̃L = −1

4
H2 − ∆L, ∆̃Φ = −∆Φ (5.72b)

F̃ = FG − F = ∇[aΦ̃
(0)
b] (5.72c)

where the relations in (5.72b), (5.72c) were obtained from (5.66c) and the explicit form

of LG in (5.4a). The absence of a G-term in ∆̃Φ follows because the dilaton vector fails

to contribute to LG,

∆G
Φ = XG

Φ = 0 (5.73)

as seen in Section 5.1.

K-conjugation covariance for the “ordinary terms” of the generalized VME is estab-

lished by verifying the identity

∆̃LP̃ + P̃ ∆̃L + X̃L = ∆̃L (5.74a)

X̃L = XG − XL = XL(P̃ /2) (5.74b)

using (5.72b) and the generalized VME in the form (5.70c).

To study K-conjugation for the dilatonic contribution, we evaluate the quantity

∆̃ΦP̃ + P̃ ∆̃Φ +
1

2
(F̃ P̃ − P̃ F̃ ) (5.75a)
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= ∆̃Φ +
1

2
(PFG − FGP ) (5.75b)

using (5.72b), (5.72c) and the generalized VME in the form (5.70d). When

PFG − FGP = P c(aGb)dF G
cd = 0 (5.76)

holds, the relation in (5.75) is the K-conjugate form of the linear equation (5.70d) for the

dilatonic contribution to L. It follows that the condition (5.76) is necessary and sufficient

for K-conjugation covariance of the dilatonic contribution.

One solution of the condition (5.76) is

F G
ab = 0 (5.77)

which implies the dilaton solution Φ(0)G
a = ∇aΦ for TG. In this case, the conditions (5.68)

imply that the dilaton vectors are given by the dilaton solution Φa(Φ), uniformly for T ,

T̃ and TG, and the unified system reduces to the simplified system (5.61).

In summary, we find that all solutions of the simplified system (5.61) exhibit K-

conjugation covariance at one loop. In particular, this includes all solutions with zero

dilaton vector. To find other K-conjugate pairs in Class IIb, one must find other solutions

of (5.76).

We finally comment on some open questions in this direction. In the first place, it

should be checked that the K-conjugate pair of stress tensors T and T̃ commute at one-

loop level, as expected from the general affine-Virasoro construction. Second, we remark

that the discussion above does not in fact contain any explicit examples of K-conjugation

covariance for the VME with non-trivial improvement: In this case, the conditions (5.76)

and (5.77) read respectively

fcd
(aLb)cDd

g = O(k−3) (5.78a)

fab
cDg

c = O(k−2) (5.78b)

and, to the order at which we are working, the solution of (5.78b) is Dg = 0. Using

the relations (5.12b) and (5.68), this then implies that D = D̃ = 0. Therefore, the only

possibility to find K-conjugation covariance in the VME with non-trivial improvement

is to find solutions of (5.78a) with Dg 6= 0.

6 The computation

In this section, we outline the one-loop calculation which gives the unified Einstein-

Virasoro master equations (4.2) and (4.3), giving details only for the holomorphic system.

The corresponding results for the antiholomorphic system follow from these results by

the rule noted in Section 4.

The starting point of the computation is

S =
1

2α′

∫

d2zΠaΠ̄b(Gab + Bab) (6.1a)
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T = − 1

2α′λabΠ
aΠb + ∂(ΠaΦa) + (one loop counterterms) + O(α′) (6.1b)

λa
b = λa

cλc
b + O(α′), ∇̂+

c λa
b = O(α′) (6.1c)

< T (z)T (w) >=
c/2

(z − w)4
+ 2

< T (w) >

(z − w)2
+

< ∂T (w) >

(z − w)
+ reg. (6.1d)

where Π, Π̄ are defined in (2.19e) and we have introduced the scaled inverse inertia tensor

λa
b ≡ 2La

b. For convenience, we have also included the classical results (6.1c) of Section 3

in the starting point, though these equations can also be obtained from the tree graphs

in the computation below.

By including the dilaton vector in the stress tensor instead of the action, we are

following Banks, Nemeschansky and Sen [22], who showed that this language correctly

reproduces the beta functions [12, 22] of the sigma model when T → TG(Φ) is the

conventional stress tensor (5.4c) of the sigma model. Although the stress tensor method

is computationally more involved than the usual action method, it is clearly the correct

language in which to study the general Virasoro construction in the general sigma model.

6.1 Background field expansion

A central idea in the method of Ref. [22] is to use a covariant background field expansion

to evaluate the left and right sides of (6.1d) in perturbation theory. An efficient algorithm

for this expansion has been provided by Mukhi [38], generalizing earlier work in [33, 8, 9].

One way to write down this expansion is to introduce an operator M which satisfies

M(Ta1,...,an
(x)) = ya∇aTa1,...,an

(x) (6.2a)

M(Πa) = ∇ya, M(Π̄a) = ∇̄ya (6.2b)

M(∇ya) = −Ra
bcd(x)ybycΠd, M(∇̄ya) = −Ra

bcd(x)ybycΠ̄d, (6.2c)

∇Aa(x) = ∂Aa(x) + ΠbAc(x)ωbc
a, ∇̄Aa(x) = ∂̄Aa(x) + Π̄bAc(x)ωbc

a (6.2d)

Πa = ei
a∂xi, Π̄a = ei

a∂̄xi (6.2e)

where xi, i = 1, . . . , dim(M) are the background fields and ya, a = 1, . . . , dim(M) are the

quantum fields. The background fields Π and Π̄ in (6.2e) satisfy the classical equations

of motion (3.1), which we use here in the form

∇Π̄a = ∇̄Πa = −1

2
ΠcΠ̄dHcd

a (6.3)

where ∇ and ∇̄ are defined in (6.2d). Then, one uses the operator M to expand any

scalar function Ψ (such as S or ΠaΦ
a) in the form

Ψ =
∞
∑

n=0

Ψ(n), Ψ(n) =
1

n
M(Ψ(n−1)) (6.4)

where n is the number of quantum fields y.
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Our goal is to evaluate the Virasoro condition (6.1d) through one loop. For this it

is sufficient to compute only the fourth and second order pole terms in < T (z)T (w) >

(because this and the relation < T (z)T (w) >=< T (w)T (z) >, which holds in Euclidean

perturbation theory, then fix the remaining singular terms). Since the background fields

Π, Π̄ have dimension one, we need only look at the contributions to < T (z)T (w) > which

involve at most two background fields. Now consider an arbitrary one-loop Feynman

diagram in the expansion of < T (z)T (w) >. The diagram contains a certain number

n(b, q) of vertices with b background fields and q quantum fields, so that

l = 1 +
1

2

∑

b,q≥0

n(b, q)(q − 2). (6.5)

Ignoring the dilatonic terms in T for the moment, we see from the form of S in (6.1a)

and T in (6.1b) that b+ q ≥ 2. If we denote the total number of background fields in the

diagram by btot ≡
∑

b,q bn(b, q), we find from (6.5) that

btot + 2l − 2 =
∑

b,q≥0

n(b, q)(b + q − 2). (6.6)

Each of the terms on the right hand side is nonnegative, and if n(b, q) 6= 0 this implies

that

b + q ≤ btot + 2l. (6.7)

In our case we have l = 1 and btot ≤ 2, so that we need only those terms with b + q ≤ 4

from the background field expansion of S and T . For the terms involving the dilaton

vector, which involve an extra factor of α′, we find in a similar fashion that we need only

the terms with b + q ≤ 2. Notice that a derivative of a background field, such as ∇Πa,

has conformal weight two and therefore counts as b = 2.

Using the iteration (6.4), we find for these terms the following results

S(0) =
1

2α′

∫

d2zΠaΠ̄b(Gab + Bab) (6.8a)

S(1) =
1

2α′

∫

d2z(Πa∇̄ya + Π̄a∇ya + ycHcabΠ
aΠ̄b) (6.8b)

S(2) =
1

2α′

∫

d2z(∇ya∇̄ya − Π̄dybycΠaRdbca +
1

2
ycyd∇dHcabΠ

aΠ̄b

+
1

2
ycHcab∇yaΠ̄b +

1

2
ycHcabΠ

a∇̄yb)

(6.8c)

S(3) =
1

2α′

∫

d2z( − 2

3
∇̄ydycybΠaRdcba −

2

3
∇ydycybΠ̄aRdcba

+
1

3
ycyd∇dHcab∇yaΠ̄b +

1

3
ycyd∇dHcabΠ

a∇̄yb +
1

3
ycHcab∇ya∇̄yb)

(6.8d)

S(4) =
1

2α′

∫

d2z(−1

3
∇̄ydycyb∇yaRdcba +

1

4
ycyd∇dHcab∇ya∇̄yb) (6.8e)

and
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T (0) = − 1

2α′λabΠ
aΠb + ∇ΠaΦa + ΠaΠb∇bΦa (6.9a)

T (1) = − 1

α′λabΠ
a∇yb − 1

2α′Π
aΠbyc∇cλab + (∇∇ya)Φa + (∇yaΠb + ∇ybΠa)∇bΦa (6.9b)

T (2) = − 1

2α′λab∇ya∇yb − 1

α′Π
a∇ybyc∇cλab −

1

4α′Π
aΠbycyd∇d∇cλab

+
1

2α′Π
dybycRdbc

eλeaΠ
a

(6.9c)

T (3) = − 1

2α′Π
a∇ybycyd∇d∇cλab −

1

2α′∇ya∇ybyc∇cλab

+
1

6α′∇ydybycRdbc
eλeaΠ

a +
1

2α′Π
dybycRdbc

eλea∇ya

(6.9d)

where the superscripts in S and T indicate the number of quantum fields in the expansion.

The first-order term S(1) of the action is zero by the classical equations of motion, and

we have omitted terms with b + q = 3, such as ∇Πayb∇bΦa and ΠaybΠc∇c∇bΦa in T (1).

We have also dropped a term proportional to ∇2(yayb)∇aΦb in T (2), and omitted T (4).

Although such terms should in principle be included according to our previous discussion,

an inspection of the table of possible Feynman diagrams in Figure 1 shows that they never

appear.

The background field expansions of the action S and the stress tensor T contain many

terms that depend on the spin connections. Some of them appear only in tensors like Rabcd

and ∇aHbcd that are covariant with respect to target-space local Lorentz transformations.

In Feynman diagrams, such terms yield only covariant contributions. However, there are

also spin connections in ∇ya and ∇̄ya, and these give non-covariant contributions to

Feynman diagrams involving the corresponding vertices. Since both S and T are Lorentz

invariant, our calculation should yield a Lorentz invariant answer. The only possible non-

covariant contributions come from the diagrams involving the spin connection in ∇ya and

∇̄ya, and these spin connections appear algebraically, i.e. without a derivative. There are

no purely algebraic Lorentz invariant tensors one can build out of the spin-connection,

and therefore, unless there are sigma model anomalies [56], all diagrams involving spin

connections from ∇ya and ∇̄ya should cancel. Sigma model anomalies are usually caused

by chiral fermions, which are absent in our case, so it would seem correct to simplify the

algebra by setting all spin connections in ∇ya and ∇̄ya equal to zero. However, we have

decided to check these statements by including all spin connections in our computations,

and we will see that they do indeed cancel.

To proceed, it will be convenient to rearrange these expansions by eliminating ∇ in

favor of ∂ using (6.2d). At the same time, we will use (6.1c) to eliminate all derivatives

of λab, and contractions between λ’s. When we do this in the expression obtained from a

one-loop diagram, this induces errors only at two loops. The only case where we cannot

do this is for the tree diagram (24) in Figure 1, where it would induce errors at one-loop,

and we have to treat diagram (24) with a little more care.
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(1) (2) (3) (4)

(5) (6) (7) (8)

(9) (10) (11) (12)

(13) (14) (15) (16)

(17) (18) (19) (20)

(21) (22) (23) (24)

(25) (26) (27) (28)

(29) (30) (31) (32)

(33) (34) (35) (36)

(37)

Figure 1: A table of Feynman diagrams; crosses (×) indicate vertices from the non-

dilaton part of T , encircled crosses (⊗) indicate vertices coming from the dilaton part of

T , double lines indicate background fields and single lines indicate quantum fields.
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After this rearrangement, the expansions (6.8) and (6.9) become

S(2) =
1

2α′

∫

d2z(∂ya∂̄ya − Π̄dybycΠaRdbca +
1

2
ycydZ1

dcabΠ
aΠ̄b

+ ycω̂+
bca∂yaΠ̄b − ycω̂−

abcΠ
a∂̄yb)

(6.10a)

S(3) =
1

2α′

∫

d2z( − 2

3
∂̄ydycybΠaRdcba −

2

3
∂ydycybΠ̄aRdcba

+
1

3
ycydZ2

dcab∂yaΠ̄b +
1

3
ycydZ3

dcabΠ
a∂̄yb +

1

3
ycHcab∂ya∂̄yb)

(6.10b)

S(4) =
1

2α′

∫

d2z(−1

3
∂̄ydycyb∂yaRdcba +

1

4
ycyd∇dHcab∂ya∂̄yb) (6.10c)

and

T (0) = − 1

2α′λabΠ
aΠb + ∂ΠaΦa + ΠaΠb∂bΦa (6.11a)

T (1) = − 1

α′λabΠ
a∂yb + ∂2yaΦa + ∂yaΠb(∂(bΦa) + ω[ba]

cΦc) (6.11b)

T (2) = − 1

2α′λab∂ya∂yb +
1

2α′Π
a∂ybyc(2λb

eω̂−
aec − λa

eHbec)

− 1

4α′Π
aΠbycydZ4

dcab +
1

2α′Π
dybycRdbc

eλeaΠ
a

(6.11c)

T (3) = − 1

2α′Π
a∂ybycydZ5

dcab −
1

α′∂ya∂ybycω̂+
ca

dλdb

+
1

6α′∂ydybycRdbc
eλeaΠ

a +
1

2α′Π
dybycRdbc

eλea∂ya

(6.11d)

where ω̂± are the generalized connections (2.18b) and we have defined the following five

objects

Z1
dcab = ∇dHcab + 2ω̂−

aceω̂
+
bd

e +
1

2
HaceHbd

e (6.12a)

Z2
dcab = ∇dHabc − ω̂−

aceHdb
e − 1

2
HaceHdb

e (6.12b)

Z3
dcab = ∇dHbca −

1

2
HbceHda

e + ω̂+
bceHda

e (6.12c)

Z4
dcab = − λafHd

ef ω̂−
bec + 2λef ω̂−

afdω̂
−
bec

+ λa
e(∇dHbec − ω̂−

bcfHde
f − 1

2
HbcfHde

f )
(6.12d)

Z5
dcab =

1

4
(λa

fHdfeHbc
e − 2λb

f ω̂−
aceHdf

e

− 2λef ω̂−
afdHbec − 2λefHbfdω̂

−
aec +

1

2
λa

e∇dHbec

+
1

2
λb

e(∇dHaec − ω̂−
acfHde

f − 1

2
HacfHde

f)).

(6.12e)
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The background field expansions (6.10) and (6.11) are the basis for the diagrammatic

computations below.

6.2 Momentum space and dimensional regularization

The term S(2) of the action in (6.10a) contains the kinetic term

Skin =
1

2α′

∫

d2z∂ya∂̄ya (6.13)

which defines the coordinate-space propagators

< ya(z)yb(w) >= α′GabG(z, w) ≡ −α′Gab log |z − w|2. (6.14)

The remainder of the terms in the background field expansion (6.10) define the vertices

of the theory.

It is then straightforward to write down coordinate-space expressions for the Feynman

diagrams in Figure 1. In diagrams with two background fields, we can assume that the

background fields are independent of the coordinates, or, in momentum space, that they

have zero momentum. (In a Taylor expansion of the background fields around a fixed

point on the world-sheet, all derivatives of these background fields have higher conformal

weight and can be ignored.) For diagrams with one or zero background fields one has to

be more careful and expand everything up to the relevant order.

In coordinate space, one then encounters various integrals not containing background

fields, which one could try to evaluate using identities such as

∂z̄
1

z − w
= δ(2)(z − w). (6.15)

However, one soon runs into problems with coordinate-space integrals that give differ-

ent answers when evaluated in different ways. This ambiguity reflects the fact that one

must regularize the (relatively convergent) integrals. Although a consistent all-order

coordinate-space regularization [57–59] is known for the general sigma model, and differ-

ential regularization [60] may also be applicable to this case, we have chosen instead to

use the more conventional method of dimensional regularization in momentum space.

In dimensional regularization, we have to deal with several problems. First, there are

terms in the action coming from the antisymmetric tensor field in (6.1a), and these contain

two-dimensional antisymmetric tensors ǫij when written in a world-sheet covariant form.

Furthermore, the stress tensor (6.1b) is not part of a covariant world-sheet tensor, because

T̄ contains λ̄ab which need not be equal to λab. We have chosen the following version

of dimensional regularization to deal with these problems: We keep all interactions in

exactly two dimensions, but the kinetic terms (6.13), and hence the denominators of the

Feynman diagrams, will be taken in 2 − 2ǫ dimensions. With such a regularization, one

39



has to be careful when going beyond one loop, in which case evanescent counterterms have

to be taken into account (see [61] for a detailed discussion of two-loop renormalization in

a two-dimensional sigma model, including problems with the ǫ tensor in two dimensions).

Since our computation is limited to one loop, we will not discuss these issues further here.

In parallel with our definition d2z = dxdy/π we also define d2k = dkxdky/π, and

with this choice we see no explicit factors of π in our calculation. Then G(z, w) has the

following representation

G(z, w) =
∫

d2k
eik̄(z−w)+ik(z̄−w̄)

|k|2 (6.16)

and the momentum-space propagators read

< ya(k)yb(l) >= α′Gabδ(2)(k + l)
1

|k|2 (6.17)

where k is shorthand notation for kz = (kx + iky)/2, the z-component of k.

To work out the Feynman diagrams we write down the corresponding expression

in momentum space, continue only the denominators to d = 2 − 2ǫ dimensions, and

include a factor Γ(1 − ǫ)(4π)−ǫ(2π)2ǫµ2ǫ for each loop. The µ dependent factor is the

usual dimensional regularization factor, necessary to maintain naive dimensions in d = 2,

and the µ independent factors [61] remove many unwanted constants such as the Euler

constant. The d-dimensional measure ddk is the standard d-dimensional measure divided

by π. The relevant integrals

Γ(1 − ǫ)(4π)−ǫ(2π)2ǫµ2ǫ
∫

ddk
kak̄b

[|k|2]α[|k − p|2]β =

pa+1−α−β p̄b+1−α−β |p2/µ2|−ǫ Γ[1 − ǫ]Γ[1 − ǫ − α + b]

Γ[α]Γ[β]Γ[2 − α − β + b − ǫ]

×
a

∑

r=0





a

r





Γ[2 − α − β + b + r − ǫ]Γ[α + β − 1 − r + ǫ]Γ[1 − ǫ − β + r]

Γ[2 − 2ǫ − α − β + r + b]
(6.18)

are easily obtained by differentiating the known result for the case a = b = 0.

In our one-loop calculation we encounter integrals like
∫ d2k

|k|2 , which vanish in dimen-

sional regularization because of a cancellation between an ultraviolet and an infrared

divergence. In order to check in our calculation whether infrared and ultraviolet diver-

gences cancel separately, we have replaced the propagators in each infrared divergent

diagram by
1

|k|2 → 1

|k|2 +
1

ζ
δ(2)(k). (6.19)

By taking ζ = ǫ, one can use this substitution to subtract out all infrared divergences

[61], but we will keep ζ and ǫ as independent parameters. The infrared divergence of a

diagram will then be given by the coefficient of −1
ζ

+ 1
ǫ
, while the ultraviolet divergence

is given by the coefficient of 1
ǫ
.
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We have worked out all our diagrams in momentum space using (6.18) and (6.19),

and then afterwards reexpressed them in coordinate space using the following translation

table

− p̄3

3p3
↔ (z̄ − w̄)2

(z − w)4
(6.20a)

p̄2

2p2
↔ z̄ − w̄

(z − w)3
(6.20b)

− p̄

p
↔ 1

(z − w)2
(6.20c)

− p̄

ζp
+

p̄

ǫp
+

p̄

p
(1 − log(|p|2/µ2)) ↔ G(z, w)

(z − w)2
(6.20d)

− p̄

ζp
↔ G(0, 0)

(z − w)2
. (6.20e)

The first three relations follow by Fourier transformation, and the next to last relation

was obtained by comparing the result for < y(z)y(w) >< ∂y(z)∂y(w) > in coordinate

space and momentum space. On the left side of this relation, one could have in principle

chosen a different finite term proportional to p/p̄, but since all divergences will cancel in

our calculation, this would not make any difference in the final results. Finally, the last

relation was obtained from the momentum-space expression for G(0, 0) as it follows from

(6.16).

6.3 Diagrammatic results

We now describe the results of the calculations for each of the diagrams in Figure 1.

Diagrams (1)-(13) are the one-loop contributions to the left hand side of (6.1d) involving

no dilaton and two background fields, diagrams (14)-(16) are the tree-diagrams involving

the dilaton with two background fields, contributing to the left hand side of (6.1d), etc.

Diagrams (1)-(20) and (24) are all diagrams that contribute to < T (z)T (w) >, and

diagrams (21)-(23) are all diagrams that contribute to < T (w) >. Diagrams (1)-(23)

all have the same order of α′, and (24) has one order of α′ less. For completeness, we

have included in Fig. 1 a set of other diagrams (25)-(37) that one could in principle

write down, but these do not contribute for a variety of reasons: The tadpole diagrams

(25)-(27) cancel algebraically against (28)-(30) in (6.1d), while diagrams (31)-(33) vanish

because they contain a contraction Habcλbc. Finally, diagrams (34)-(37) contain integrals

of the form
∫

d2ppap̄b with a 6= b, which vanish identically as can be seen by changing

variables p → eiφp.

We now list the contributions of the individual diagrams, using the notation In for

the nth diagram¶ in Fig. 1. For diagrams (1)-(20) and (24), In is the contribution of

¶In contains the contributions from all diagrams that are topologically equivalent to the nth diagram

in Fig. 1, including, when they are distinct, the mirror diagrams obtained by the interchange z ↔ w.
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this diagram to < T (z)T (w) >, while for diagrams (21)-(23) In is the contribution to

2 < T (w) > /(z − w)2. The results come out as follows:

I1 = ΠcΠ̄d (z̄ − w̄)

(z − w)3
(λabRbdca −

1

2
λab∇aHbcd

−ω̂−
ceaω̂

+
d

e
bλ

ab − 1

4
HceaHd

e
bλ

ab) (6.21a)

I2 = Π̄cΠ̄d (z̄ − w̄)2

(z − w)4
(
1

2
λaeλbf ω̂+

cabω̂
+
def)

+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(−λaeλbf ω̂−

cabω̂
+
def)

+ΠcΠd 1

(z − w)2
(
1

2
λaeλbf ω̂−

cabω̂
−
def ) (6.21b)

I3 = Π̄cΠ̄d (z̄ − w̄)2

(z − w)4
(−1

2
λabω̂+

caf ω̂
+
db

f )

+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(2λabω̂−

caf ω̂
+
db

f)

+ΠcΠd G(z, w) − 3
2

(z − w)2
(−λabω̂−

caf ω̂
−
db

f) (6.21c)

I4 = ΠcΠd 1

(z − w)2
(
1

2
λabλc

fHfebω̂
−
d

e
a + λabλef ω̂−

cfbω̂
−
dea

1

2
λc

eλab∇bHdea +
1

2
λc

eλabω̂−
dfaHe

f
b +

1

4
λc

eλabHdfaHe
f

b

−λabλc
eRbdea) (6.21d)

I5 = ΠcΠd 1

(z − w)2
(
1

4
λc

eλd
fHeabHf

ab + λc
eλafHeabω̂

−
df

b + λbeλaf ω̂−
ceaω̂

−
dbf)

+ΠcΠd G(z, w)

(z − w)2
(−1

4
λc

eλd
fHeabHf

ab − λc
eλbfHebaω̂

−
df

a − λef ω̂−
ceaω̂

−
df

a) (6.21e)

I6 = ΠcΠ̄d (z̄ − w̄)

(z − w)3
(2λabλef ω̂−

cebω̂
+
dfa − 2λbeω̂−

cef ω̂
+
db

f )

+ΠcΠd 1

(z − w)2
(−λabλc

eHebf ω̂
−
da

f − 2λabλef ω̂−
cebω̂

−
dfa)

+ΠcΠd G(z, w) − 1

(z − w)2
(2λbeω̂−

cef ω̂
−
db

f + λabλc
eHebf ω̂

−
da

f) (6.21f)

I7 = ΠcΠd G(0, 0)

(z − w)2
(
1

4
λd

bλc
fHbeaHf

e
a −

1

2
λd

fHfeaω̂
−
c

ea + λd
bλef ω̂−

cfaHbe
a

−1

2
λd

e∇aHce
a − 1

2
λd

eω̂−
cfaHe

fa − 1

4
λd

eHcfaHe
fa
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+
1

3
λd

bλc
eRabe

a + λd
eRace

a) (6.21g)

I8 = ΠcΠd G(0, 0)

(z − w)2
(−ω̂−

ceaHb
e
fλ

afλd
b + λd

f ω̂−
ceaHf

ea) (6.21h)

I9 = ΠcΠd G(z, w) − 1

(z − w)2
(−1

4
λc

aλd
bHaefHb

ef)

+ΠcΠd G(0, 0)

(z − w)2
(
1

4
λc

aλd
bHaefHb

ef) (6.21i)

I10 = ΠcΠd G(0, 0)

(z − w)2
(−1

3
λc

aλd
eRbea

b) (6.21j)

I11 = ΠcΠd 1

(z − w)2
(λc

fλbeRefdb −
1

2
λc

fλbe∇eHdfb

−1

2
λc

fλbeω̂−
dabHf

a
e −

1

4
λc

fλbeHdabHf
a
e)

+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(−2λc

fλbeRefdb + λc
fλbe∇eHdbf

+
1

2
λc

fλbeHdabHf
a
e − λc

fλbeω̂+
dabHf

a
e) (6.21k)

I12 = ΠcΠ̄d (z̄ − w̄)

(z − w)3
(λc

bλahHbfaω̂
+
d

f
h)

+ΠcΠd G(z, w) − 3
2

(z − w)2
(−λc

bλahHbaf ω̂
−
dh

f)

+ΠcΠd G(0, 0)

(z − w)2
(λc

bλahHbaf ω̂
−
dh

f) (6.21l)

I13 = ΠcΠd G(z, w) − 1

(z − w)2
(
1

2
λc

bλd
fHbaeHf

ae + λc
bλafHbaeω̂

−
df

e)

+ΠcΠd G(0, 0)

(z − w)2
(−1

2
λc

bλd
fHbaeHf

ae − λc
bλafHbaeω̂

−
df

e) (6.21m)

I14 =
1

(z − w)2
(4Πcλc

a∂(Φa) + 2ΠcΠdλc
a∇[aΦd]) (6.21n)

I15 = ΠcΠ̄d (z̄ − w̄)

(z − w)3
(λc

aΦbω̂
+
d

ab)

+ΠcΠd 1

(z − w)2
(−2λc

aΦbω̂
−
d

ab) (6.21o)

I16 = +ΠcΠd 1

(z − w)2
(λc

aΦbω̂
−
d

ab + λd
aΦbω̂

−
c

ab) (6.21p)

I17 = Π̄cΠ̄d (z̄ − w̄)2

(z − w)4
(λfbω̂+

cef ω̂
+
d

e
b − λebλaf ω̂+

dabω̂
+
cfe)
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+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(−λfbω̂−

cef ω̂
+
d

e
b + λebλaf ω̂+

dabω̂
−
cfe

+λfbω̂+
cef ω̂

+
d

e
b − λebλaf ω̂+

dabω̂
+
cfe)

+ΠcΠd 1

(z − w)2
(−λfbω̂−

cef ω̂
+
d

e
b + λebλaf ω̂+

dabω̂
−
cfe) (6.21q)

I18 = ΠcΠ̄d (z̄ − w̄)

(z − w)3
(2λfbω̂−

cef ω̂
+
d

e
b − 2λebλaf ω̂+

dabω̂
−
cfe)

+ΠcΠd 1

(z − w)2
(2λfbω̂−

cef ω̂
+
d

e
b − 2λebλaf ω̂+

dabω̂
−
cfe) (6.21r)

I19 = ΠcΠd 1

(z − w)2
(2λc

eω̂+
d

b
eΦb + 2λbeω̂+

dceΦb)

+
1

(z − w)2
(+2λc

b∂ΠcΦb − 2λc
bΠc∂Φb)

+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(2λc

eω̂+
d

b
eΦb)

+
(z̄ − w̄)

(z − w)3
(−2λc

bΠc∂̄Φb) (6.21s)

I20 =
1

(z − w)4
(
1

2
λa

bλb
a)

+Π̄cΠ̄d (z̄ − w̄)2

(z − w)4
(−1

2
λfbω̂+

cef ω̂
+
d

e
b +

1

2
λebλaf ω̂+

dabω̂
+
cfe)

+ΠcΠ̄d (z̄ − w̄)

(z − w)3
(−λfbω̂+

cef ω̂
+
d

e
b + λebλaf ω̂+

dabω̂
+
cfe)

+ΠcΠd 1

(z − w)2
(−1

2
λfbω̂+

cef ω̂
+
d

e
b +

1

2
λebλaf ω̂+

dabω̂
+
cfe) (6.21t)

I21 = ΠcΠd G(0, 0)

(z − w)2
(−λabω̂−

caeω̂
−
db

e) (6.21u)

I22 = ΠcΠd G(0, 0)

(z − w)2
(λc

eω̂−
dabHe

ab + 2λbeω̂−
dabω̂

−
c

a
e) (6.21v)

I23 = ΠcΠd G(0, 0)

(z − w)2
(λc

eRbde
b − 1

2
λc

fHfeaω̂
−
d

ea − λef ω̂−
cfaω̂

−
de

a

−1

2
λc

e∇aHde
a − 1

2
λc

eω̂−
dfaHe

fa − 1

4
λc

eHdfaHe
fa) (6.21w)

I24 = ΠcΠd 1

(z − w)2
(− 1

α′λc
aλda). (6.21x)

The background fields in these results are evaluated at the point (w, w̄).
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6.4 Derivation of the unified system

With the diagrammatic results (6.21), we can now obtain the unified Einstein-Virasoro

master equation at the one-loop level. If we insert the results from the diagrams into

(6.1d), and we include also the classical expectation value of T

< T (w) >cl= T (0)(w) ≡ − 1

2α′λabΠ
aΠb + ∂(ΠaΦa), (6.22)

we obtain an equation of the form

O(α′)= < T (z)T (w) > − c/2

(z − w)4
− 2

< T (w) >

(z − w)2
(6.23a)

= A
1

(z − w)4
+ (ΠcΠ̄dBcd)

(z̄ − w̄)

(z − w)3
+ (ΠcΠdCcd + ∂(ΠcEc))

1

(z − w)2
(6.23b)

in which, quite remarkably, all terms proportional to (z̄ − w̄)2/(z − w)4, G(z, w) and

G(0, 0) cancel in a highly non-trivial fashion. The fact that the infrared and ultraviolet

divergences cancel separately, which one would naively expect for a conserved current

like T , is an excellent check on the diagrammatic results (6.21). After a certain amount

of algebra, we find the following expressions for A, Bcd, Ccd and Ec

A =
1

2
λa

bλb
a − c

2
= O(α′) (6.24a)

Bcd = λab(R̂+
dabc − 2λc

fR̂+
dabf ) − 2λc

b∇̂+
d Φb = O(α′) (6.24b)

Ccd =
1

α′ (λcd − λc
aλad) +

1

2
λaeλbfHcabHdef − 1

2
λefHcbeHd

b
f

+λc
a∇[aΦd] + λd

a∇[aΦc] = O(α′) (6.24c)

Ec = 2(λc
aΦa − Φc) = O(α′) (6.24d)

Each of these tensors must vanish separately at the indicated order because they multiply

independent structures in (6.23b). These covariant results show that all spin connections,

and hence anomalies, cancel in the final result, as expected in the absence of chiral

fermions.

Eigenvalue relation for the dilaton vector

Eq. (6.24d) is recognized (with λa
b = 2La

b) as the eigenvalue relation (4.2b) of the

dilaton eigenvector. Using (6.1c), a particular solution of the eigenvalue relation is the

dilaton solution Φa = Φa(Φ) = 2La
b∇bΦ in (4.6).

Generalized Einstein equations

From (6.24b) we derive that Bcd − 2λc
gBgd = O(α′), which yields

λabR̂+
dabc + 2λc

b∇̂+
d Φb = O(α′) (6.25)
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as an equivalent form of (6.24b). Using (6.24d) and (6.1c), we find that (6.25) is also

equivalent to

λabR̂+
dabc + 2∇̂+

d Φc = O(α′) (6.26)

which is recognized as the generalized Einstein equation (4.2a).

Central charge

In (6.24a) we recognize the classical limit of the central charge in (4.2e), which was

in fact determined by using the Bianchi identities and the fact that the central charges

must be constant (see Section 5.7). It should also be possible to verify the order α′ terms

of (4.2e) in a two-loop calculation, but we have not attempted to do this because the

renormalization of the sigma model becomes quite subtle at two loops.

We can however make a few simple remarks in this direction. In addition to the two-

loop contributions, there are also one-loop diagrams with one dilaton vector insertion and

tree diagrams with two dilaton vector insertions. These diagrams are easily evaluated

and we find that they contribute to the coefficient A in the form

A =
1

2
λa

bλb
a − c

2
(6.27a)

+6α′(ΦaΦ
a − ∇̂+

a Φa) (6.27b)

+two-loop contributions (6.27c)

= O(α′2). (6.27d)

Looking at the alternate forms of the central charge in (5.45), we see only one form

consistent with these terms in A, namely (5.45e). Thus, we expect that a complete

two-loop computation of the central charge will give the form (5.45e) directly.

Generalized VME

This leaves equation (6.24c), which, except in the classical limit, does not agree in

form with the generalized VME in (4.2d), and, in particular, (6.24c) does not agree with

the VME when the sigma model is the WZW action. The VME is derived using OPEs,

which is a particular way of regularizing the WZW model. Since different regularization

schemes can differ only by finite local counterterms, we are led to look for a finite local

counterterm which restores the form of the VME. Such a counterterm is easily found,

namely if we define

T ′ = T − 1

4
ΠcΠdλefHdbfHc

b
e (6.28)

and use T ′ rather than T in (6.1d), we find a few extra contributions to Ccd. In particular,

we have to include the counterterm in the T (0)(w) contribution to < T (w) >, and in

addition there are tree diagrams with an insertion of the counterterm contributing to
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< T (z)T (w) >. With these extra terms, the coefficient Ccd becomes

Ccd =
1

α′ (λcd − λc
aλad) +

1

2
λaeλbfHcabHdef

−1

2
λa

(cHd)beHa
b
fλ

ef + λc
a∇[aΦd] + λd

a∇[aΦc]

= O(α′) (6.29)

which is recognized as the generalized VME (4.2d). This concludes the derivation of the

unified Einstein-Virasoro master equation at the one-loop level.

7 Conclusions

We have studied the general Virasoro construction

T = −Lij

α′ ∂xj∂xj + O(α′0) (7.1a)

i, j = 1, . . . , dim(M) (7.1b)

at one loop in the operator algebra of the general non-linear sigma model, where L is

a spin-two spacetime tensor field called the inverse inertia tensor. The construction is

summarized by a unified Einstein-Virasoro master equation which describes the covariant

coupling of L to the spacetime fields G, B and Φa, where G and B are the metric and

antisymmetric tensor of the sigma model and Φa is the dilaton vector, which generalizes

the derivative ∇aΦ of the dilaton Φ. As special cases, the unified system contains the

Virasoro master equation of the general affine-Virasoro construction and the conventional

Einstein equations of the canonical sigma model stress tensors. More generally, the unified

system describes a space of conformal field theories which is presumably much larger than

the sum of these two special cases.

We have also discussed a number of algebraic and geometric properties of the system,

noting in particular the relation of the system to an unsolved problem in the theory of

G-structures on manifolds with torsion.

In addition to questions posed in the text, we list here a number of other important

directions.

1. New solutions. It is important to find new solutions of the unified system, beyond the

canonical stress tensors of the sigma model and the general affine-Virasoro construction.

Here the question of G-structures (see Section 5.5) and solution classes (see Section 5.8)

will be important.

2. Duality. The unified system contains the coset constructions in two distinct ways, that

is, both as Gab = kηab, Lab = Lab
g/h in the general affine-Virasoro construction and among

the canonical stress tensors of the sigma model with the sigma model metric that corre-

sponds to the coset construction. This is an indicator of new duality transformations in
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the system, possibly exchanging L and G, which may go beyond the coset constructions.

In this connection, we remind the reader that the VME has been identified [2] as an

Einstein-Maxwell system with torsion on the group manifold, where the inverse inertia

tensor is the inverse metric on tangent space. Following this hint, it may be possible to

cast the unified system on group manifolds as two coupled Einstein systems, with exact

covariant constancy of both G and L.

3. Spacetime action and/or C-function. These have not yet been found for the unified

system, but we remark that they are known for the special cases unified here: The

spacetime action [12, 62] is known for the conventional Einstein equations of the sigma

model, and, for this case, the C-function is known [13] for constant dilaton. Moreover,

an exact C-function is known [63] for the special case of the unimproved VME.

4. World-sheet actions. We have studied here only the Virasoro operators constructible

in the operator algebra of the general sigma model, but we have not yet worked out

the world-sheet actions of the corresponding new conformal field theories, whose beta

functions should be the unified Einstein-Virasoro master equation. This is a familiar

situation in the general affine-Virasoro construction, whose Virasoro operators are con-

structed in the operator algebra of the WZW model, while the world-sheet actions of the

corresponding new conformal field theories include spin-one [28] gauged WZW models

for the coset constructions and spin-two [26, 29, 30] gauged WZW models for the generic

construction.

As a consequence of this development in the general affine-Virasoro construction, more

or less standard Hamiltonian methods now exist for the systematic construction of the

new world-sheet actions from the new stress tensors, and we know for example that K-

conjugation covariance is the source of the spin-two gauge invariance in the generic case.

At least at one loop, a large subset of Class IIb solutions of the unified system exhibit

K-conjugation covariance (see Section 5.9), so we may reasonably expect that the world-

sheet actions for generic constructions in this subset are spin-two gauged sigma models.

For solutions with no K-conjugation covariance, the possibility remains open that these

constructions are dual descriptions of other conformal sigma models.

5. Superconformal extensions. The method of Ref. [22] has been extended [64–66] to the

canonical stress tensors of the supersymmetric sigma model. The path is therefore open

to study general superconformal constructions in the operator algebra of the general

sigma model with fermions. Such superconformal extensions should then include and

generalize the known N = 1 and N = 2 superconformal master equations [67] of the

general affine-Virasoro construction.

In this connection, we should mention that that the Virasoro master equation is the

true master equation, because it includes as a small subspace all the solutions of the

superconformal master equations. It is reasonable to expect therefore that, in the same

way, the unified system of this paper will include the superconformal extensions.

6. Tree-level dilaton vectors. We have assumed in our computation that the dilaton

vector, like the dilaton, satisfies Φa = O(α′0), so that its contribution begins at one loop.
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This assumption can be relaxed to include dilaton vectors which begin at O(α′−1) and

hence contribute at tree level. As noted in Section 5.2, these dilaton vectors correspond

to improvement vectors Da = O(k0) in the improved VME. We have not done this

computation, but we expect that the unified system remains the same in this case, except

that one will now see explicitly the conjectured O(α′) terms in the eigenvalue relation

(5.28) for the dilaton vector.
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Appendix A: Chiral currents in the general sigma model

In this appendix, we construct a set of non-local chiral currents in the general classical

non-linear sigma model, which reduce to the currents of affine g × g in the special case

of the WZW model.

The Minkowski space currents J± of Section 3 satisfy the general current algebra (3.7)

and the classical equations of motion

∂∓J±
a = (M±)a

bJ±
b (A.1a)

(M±)a
b = J∓

c (ω̂±c)a
b = ∂∓xi(ω̂±

i )a
b. (A.1b)

where a, b = 1, . . . , dim(M). These relations are the Minkowski-space analogues of the

Euclidean equations of motion in (3.1). In what follows, we will also need the antiordered

exponentials (R±)a
b, which satisfy

∂∓R± + R±M± = 0 (A.2a)

R±(ξ) = f±(ξ±)T ∗
∓e−

∫ ξ∓

dξ′∓M±(ξ±,ξ′∓) (A.2b)

(R±)a
c(R±)b

dGcd = Gab (A.2c)

where T ∗
∓ is antiordering in ξ∓. The matrices f± are taken to be pseudoorthogonal, so

that R± also satisfies (A.2c).
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The chiral currents J ± of the general sigma model are then constructed as

J ±
a = ±(R±)a

bJ±
b (A.3a)

∂∓J ±
a = 0 (A.3b)

where the chirality condition (A.3b) follows directly from (A.1) and (A.2). We have

checked that these chiral currents are Noether currents corresponding to the non-local

symmetries of the sigma-model action (3.4a),

δ±xi = 4πα′ǫa
±(ξ±)(R±)a

i, δS = 0 (A.4)

where (R±)a
i = (R±)a

beb
i and ǫ±(ξ±) are the parameters of the symmetry transforma-

tions.

As a check on our construction, we consider the general chiral currents (A.3) in the

special case of flat generalized connections,

R̂±
abcd = 0 (A.5)

which includes the case of WZW. When the generalized connections are flat, (A.2) may

be solved in the form

∂i(R±)a
b + (R±)a

c(ω̂±
i )c

a = 0 (A.6)

so that R±(x) are matrix-valued functions of the coordinates xi(ξ) of the sigma model.

Then we obtain the equal-time brackets

[J+
a (σ), R±(σ′)b

c] = [J−
a (σ), R±(σ′)b

c] = 4πiα′δ(σ − σ′)(R±)b
d(ω̂±

a )d
c (A.7a)

[R+(σ), R±(σ′)] = [R−(σ), R±(σ′)] = 0 (A.7b)

from (A.6) and the fundamental brackets (3.5).

Using these brackets and the current algebra (3.7), the algebra of the chiral currents

is computed as

[J ±
a (σ),J ±

b (σ′)] = 4πiα′δ(σ − σ′)F±
ab

cJ ±
c (σ) ± 8πiα′Gab∂σδ(σ − σ′) (A.8a)

[J +
a (σ),J −

b (σ′)] = 0 (A.8b)

F±
abc = (R±)a

d(R±)b
e(R±)c

fHdef (A.8c)

This algebra can be identified as the bracket form of affine g × g because the structure

constants F± in (A.8c) are indeed constants

∂iF±
abc = (R±)a

d(R±)b
e(R±)c

f∇̂±
i Hdef = 0 (A.9)

when the generalized connections are flat (see (5.40)).

This result shows that all sigma model actions with R̂±
abcd = 0 (that is, all sigma models

on parallelizable manifolds) are equivalent to the WZW action. Although this statement
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is apparently well known, we have been unable to find any proof in the literature. In the

standard WZW frame (2.24a), we may solve the differential equations (A.6) explicitly

with the results

(R+)a
b = δa

b, (R−)a
b = (Ω−1)a

b (A.10a)

J +
a = J+

a , J −
a = −(Ω−1)a

bJ−
b (A.10b)

F±
ab

c =
1√
α′fab

c (A.10c)

where Ω ∈ Aut(g) is the adjoint action of g (see eqs (2.14c) and (2.14d)). Comparing

with the WZW data (2.25), we see that J + and J − are the Minkowski-space versions of

the standard holomorphic and anti-holomorphic WZW currents J and J̄ .

It is an interesting open problem to find the algebra of the chiral currents (A.3)

beyond the case of flat connections.
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